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° Why should we care about CFT’s?

Q CFT Handbook

© simple results

@ The Ising Model: 2D vs 3D
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CFT’s: why bother?

@ Large scales separation < scale invariance through several length
scales
@ Scale invariance often a good bargain:
@ in 2D: buy 1 get co free!
@ in higher D: buy 1 get D free!
@ AdS/CFT and Supersymmetry excellent tools, but some questions
cannot be addressed.

Summary
(e]e]
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CFT’s: why bother?

@ Large scales separation < scale invariance through several length
scales
@ Scale invariance often a good bargain:
@ in 2D: buy 1 get co free!
@ in higher D: buy 1 get D free!
@ AdS/CFT and Supersymmetry excellent tools, but some questions
cannot be addressed.

@ We would like to have a more general technique to deal with any CFT.
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Ising model

Model to describe critical phenomena (ex: phase transition in
ferromagnetism).

Based on a spin lattice with nearest-neighbors interactions:

1
H=—52.2 00
R Eevt
Continuum limit: iteratively sum the spins in a block of size n and replace o;
with the average value.

QFT described by a scalar field o () with non local interactions.
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Ising model

Model to describe critical phenomena (ex: phase transition in
ferromagnetism).

Based on a spin lattice with nearest-neighbors interactions:

1
H = -7 Z Z 00
R Eevt
Continuum limit: iteratively sum the spins in a block of size n and replace o;
with the average value.

QFT described by a scalar field o () with non local interactions.

At the critical temperature the QFT flows to an IR fixed point. How can we
deal with such a theory?



Easy in 2D: Virasoro algebra allows to solve exactly the CFT.
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Easy in 2D: Virasoro algebra allows to solve exactly the CFT.

Techniques for 3D:
@ MonteCarlo simulations

@ e—expansion: family of fixed points interpolates between 4 and 3
dimensions.

Summary
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Easy in 2D: Virasoro algebra allows to solve exactly the CFT.

Techniques for 3D:
@ MonteCarlo simulations

@ e—expansion: family of fixed points interpolates between 4 and 3
dimensions.

Good agreements with experiments but
@ theoretical uncertainty

@ c—expansion: family of fixed points interpolates between 4 and 3
dimensions.

Summary
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Easy in 2D: Virasoro algebra allows to solve exactly the CFT.

Techniques for 3D:
@ MonteCarlo simulations

@ e—expansion: family of fixed points interpolates between 4 and 3
dimensions.

Good agreements with experiments but
@ theoretical uncertainty

@ c—expansion: family of fixed points interpolates between 4 and 3
dimensions.

Can we do better?
Can we characterize a CFT without flowing to it from something else?

Summary
(e]e]




In D dimensions :

My, Pp, D, Ky ~ SO(D]2)
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In D dimensions : M, ,P,,D,Ks ~ SO(D|2)

®....9 }DESCENDANTS

PRIMARY

‘PH KV @

(A1) (Az,1) (As,13)

| |

O(x)a,,,10) O() A5,1,|0)

Completeness of States = Operator Product Expansion

O(x)a,.0 X O(0)ay0 = m ZCAZ O(0)a; + descendants)
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Two point function: completely fixed

(O@@)0(y)) =

|z —y[>
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Two point function: completely fixed

(O(z)0(y)) = e d=[0]
Three point function: fixed modulo a constant
’ _ CA,l _ /
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Two point function: completely fixed

1
(O(@)0(y)) = e d=10]
Three point function: fixed modulo a constant
C
(O@)OW)O'(2)) = =

|z =y Ay — 2|]e — 2[4

A =0
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Recall the OPE

’
OAl

OxO = Z Ca,i(Oa, + descendants)
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Recall the OPE

OxO=>" Cau(Ox, +descendants)
Ok
Then

(O(2)01)O(2)O(w)) ~

- Z CA,1 ((Oa, ;04 ;) + descendants)
Ohu
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Recall the OPE

OxO=>" Cau(Ox, +descendants)
Ok
Then

(O(2)01)O(2)O(w)) ~

—d Z CA,1 ((Oa, ;04 ;) + descendants)
OI
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Old idea (70’s) but none could use them for long time, until..
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More on Conformal Blocks

Old idea (70’s) but none could use them for long time, until..

Eigenvector of a differential equation

(Casimir) ga,i(u,v) = Aa, ga,i(u,v)

@ even dimension

@ external scalar fields
Power series for [ = 0 but any dimension l
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Old idea (70’s) but none could use them for long time, until..

Eigenvector of a differential equation

(Casimir) ga,i(u,v) = Aa, ga,i(u,v)

@ even dimension

@ external scalar fields
Power series for [ = 0 but any dimension l

@ closed form for any dimension I = 0, 1 (but u, v related)
@ Taylor expansion for any dimension and any [




Which expansion is the right one?

(O@OWOEIOwW) vs (O@)OWO(:Ow)
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The Bootstrap program
Which expansion is the right one?
O(x)O(y)O(=2)O vs (O(z)O(y)O(2)O
(O(z)0(y)O(2)O(w)) (O(z)O(y)O(2)O(w)
They must produce the same result:

ALl

u™ | 1+ CRugaa(u,v)

= ’U_d

ALl

1+ CRugau(v,u)

d
Z Ci,z v gA,l(

Al

)

u,v) — u'ga,(v,u) _
ud — e -

1

@ Fy A, known functions
Fa,a

@ CX; unknown coefficients
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ALl

)

o2 vlgau(u,v) —ugau(v,u)
ALl -

1
ud — pd
~~

Fa,a,

(An, 1)

@ All possible sums of vectors with
(A1, )
(As2,13)

positive coefficients define a cone
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Geometric interpretation

v?gau(u,v) — ulgau(v,u)
Ud _ ’Ud -

2
Ca,

ALl

Fa,n,

Summary
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@ All possible sums of vectors with

is inside the cone

positive coefficients define a cone
(A, k) @ Crossing symmetry satisfied < 1
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Geometric interpretation

vlga(u,v) —ulgaa(v,u) _

2
Ca,i P — 1
Al
Fa,a1
@ All possible sums of vectors with
1 positive coefficients define a cone

@ Crossing symmetry satisfied < 1
is inside the cone

@ Restrictions on the spectrum
make the cone narrower
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Geometric interpretation

vl gau(u,v) —ulgas(v,u)
ud — pd =

2
Cay
Al

Fg.a,

Summary
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@ All possible sums of vectors with

is inside the cone

spectrum

positive coefficients define a cone
@ Crossing symmetry satisfied < 1

@ Restrictions on the spectrum
make the cone narrower

@ A cone too narrow can't satisfy
crossing symmetry: inconsistent



How can we distinguish feasible spectra from unfeasible ones?
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How can we distinguish feasible spectra from unfeasible ones?
1

1

VS

For unfeasible spectra it exists a plane separating the cone and the vector.
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Geometric interpretation

How can we distinguish feasible spectra from unfeasible ones?
1 1

VS

For unfeasible spectra it exists a plane separating the cone and the vector.

Look for a Linear functional

Ny max

AlFunt =) Amn0"0™ Fun,

n,m

such that

A[Fi,All >0 and A[l] <0
RN




Give me a spectrum and I'll tell you if it respects crossing symmetry
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Give me a spectrum and I'll tell you if it respects crossing symmetry

@ Take a scalar field ¢ with dimension d.

than Ao.

@ Assume the OPE ¢ x ¢ contains scalar operators with dimension larger
@ Question: how large can Ay be?

When d < 1.6, no CFT exists without
relevant operator in ¢ x ¢




Same story with OPE coefficients
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Which OPE coefficient?

Same story with OPE coefficients

@ Take a scalar field ¢ with dimension d.

@ Assume ¢ x ¢ contains an operator Oa,,;, and OPE Co.
@ Substitute in the RHS of the Sum Rule: 1 — 1 — CoFa
@ Question: how large can Cj be?

1—CoFagi,

it
N)
pe)
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Which OPE coefficient?

Same story with OPE coefficients

@ Take a scalar field ¢ with dimension d.

@ Assume ¢ x ¢ contains an operator Oa,,;, and OPE Co.
@ Substitute in the RHS of the Sum Rule: 1 — 1 — CoFa
@ Question: how large can Cj be?

Upper bounds on scalar OPE coefficients, d = 1.01,...,1.66
A

1—CoFagi,

:

—

&

o
u}

255 3= =B.5 490



Minimal models: family of 2D CFT’s completely solved:
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Comparison with 2D results

Minimal models: family of 2D CFT’s completely solved:

oxXxo~1+e+

Consider the plane A, Ac:

@ Other Virasoro primaries

@ Virasoro Descendants
@ Conformal descendants
" ) . e
1.5 o * ]
[ ]
[ ]
[ ]
1.0+ .
0.5}
,;”;
00L***

0.0

0 0.05 0.10 0.15 020 025 0.30 0.35
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Comparison with 2D results

Minimal models: family of 2D CFT’s completely solved:

.. contains:
@ Other Virasoro primaries
@ Virasoro Descendants
@ Conformal descendants

oXo~1l+e+ ...

Consider the plane A, Ac:

15
Bound on maximal value of A.

10

0.5

0.0
0.00 0.05 0.10 0.15 020 0.25 030 0.35
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Comparison with 2D results

Minimal models: family of 2D CFT’s completely solved:

... contains:
@ Other Virasoro primaries
@ Virasoro Descendants
@ Conformal descendants

oXo~1l+e+ ...

Consider the plane A, Ac:

15
Bound on maximal value of A.

10
A kink signals the presence of the
Ising Model

05

00

0.00 0.05 0.10 0.15 020 0.25 030 0.35



= only 1 relevant scalar

Experimentally only one parameter must be tuned to reach the critical point

*3 instead of 2 to exclude generalized free theories. In Ising A, =4 5+ -
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Allowed region in A,, A, plane if A, > 3*?
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(Re)discovering 2D lIsing

Experimentally only one parameter must be tuned to reach the critical point
= only 1 relevant scalar

Allowed region in A,, A, plane if A, > 3*7?

10

0.8 /

0.6

04 2D Ising model
02

0.00 0.05 0.10 0.15 0.20

Tip ending at Ising Model: Ising first CFT with only one relevant operator!

No use of Virasoro algebra. Extend the method to 3D right away

*3 instead of 2 to exclude generalized free theories. In Ising A, =4 & =

DA



Some notation:

g Xo

Allowed regions in A,, A, plane ?

~

l4+e+e+e +.... L=0
+ T +T +.. L=2
+ C+C +.. L=4
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Some notation:

oxo ~ l4et+eé+e+... L=0
+ T +T +. L=2
+ C+C'+. L=4
Allowed regions in A,, A, plane ?

«O>» «Fr «

it
v
i

DA



Some notation:

oxo ~ l4et+eé+e+... L=0
+ T +T +. L=2
+ C+C'+. L=4
Allowed regions in A,, A, plane ?

Already excluding part of e—expansion prediction
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o X o
Some notation:

~ l4et+eé+e +... L=0
+ T +T +.. L=2
+ C+C'+.. L=4
Allowed regions in A,, A, planeif A, >3 ?

Allowed Region Assuming A, > 3.0

(Zoomed) Allowed Region Assuming A > 3.0
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Some notation:

oxXo ~ l4e+e+e +.... L=0
+ T +T +.. L=2
+ C+C'+.. L=4
Allowed regions for in A,, A plane if A, > 347

Allowed Region Assuming A¢ > 3.4

(Zoomed) Allowed Region Assuming A > 3.4

0.515 0.520

055 0530
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oxo ~ l4e+e+e +... L=0
Some notation: + Tu+T + ..

+ C+C+.. L=4

Allowed regions in A,, A, plane if A, >3.87?

Allowed Region Assuming A¢ > 3.8 (Zoomed) Allowed Region Assuming A, > 3.8

%10 0515 0520 0525 530°"

=
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Some notation:

What about L=2 ?

@ Energy momentum 7},
tensor preset and
Ar = 3.

@ What about A/ ?

oxo ~ l4ete+ée +... L=0
+ T +T +.. L=2
+ C+C'+ ..

Ar
6.0

Allowed At vs A,
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= (A, A¢) predicted with good accuracy
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Summary
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@ Conformal symmetry at the fixed
point

@ safe assumptions on A

@ safe assumptions on Az

= (A, A¢) predicted with good accuracy

@ A,, A. are the best measured quantities:
@ AP = (.5183(4),

AP =1.412(1)
@ one would like to assume them and predict the others

N



Compute bounds on OPE coefficients assuming A, = 1/8, A. =1
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Compute bounds on OPE coefficients assuming A, = 1/8, A. =1

110
5107

7 O 3

o0y

o005

5x10

1104
5x107]

10
T 7 O + +

Clear evidence of peaks: are they physical?

«0O>» «F» «
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Back to 2D Ising Model

Compute bounds on OPE coefficients assuming A, = 1/8, A =1

Clear evidence of peaks: are they physical?

Position determines the dimension Ao operators entering the o x o OPE )

Height determines the OPE coefficient Co of operators entering the o x o J
OPE




Compute bounds on OPE coefficients assuming A, ~ 0.5182, A, ~ 1.412

«O0>» «Fr «E» «

v
it

DA



L=2,0d=0518

0.001}
1074

.
30 35 70 a5 50 55

Again evidence of peaks:

L=4,d=0518

Compute bounds on OPE coefficients assuming A, ~ 0.5182, A, ~ 1.412
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Now 3D Ising Model

Compute bounds on OPE coefficients assuming A, ~ 0.5182, A, ~ 1.412

L=2,d-0518 L-4,d-0518
01 0.001
001
104
0.0
109
1074
30 35 70 a5 50

55 50 1055

Again evidence of peaks:

Energy momentum tensor, Ar = 3
Aqr ~5.5?

Ac ~5.?

Agr ~ 7.37

DA



Allowed values of c¢r as function of A,:
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Allowed values of c¢r as function of A,:
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What is the central charge of the Ising Model?

Allowed values of c¢r as function of A,:

central charge
120

The minimum is in correspondence of Ising. It predicts
SN ydee . 0.94 — 0.95

Summary
[e]e)

No accurate measurement nor calculation to compare with.
e—expansion at first order gives 2"/l ~ 0.98

Similar methods give ¢35 ~ 0.4999 and ¢ = 0.5.

A
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@ Incredible agreement between results and experimental observations
points to the conclusion that Ising 3D is a true CFT.
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@ Bootstrap unveils a structure.

@ Incredible agreement between results and experimental observations
points to the conclusion that Ising 3D is a true CFT.
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Ising: Summary

@ Incredible agreement between results and experimental observations
points to the conclusion that Ising 3D is a true CFT.

@ Bootstrap unveils a structure.
@ More tools are needed to precisely reveal this structure: ex combine

(ooo0) and (ooce)
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Ising: Summary

@ Incredible agreement between results and experimental observations
points to the conclusion that Ising 3D is a true CFT.

@ Bootstrap unveils a structure.
@ More tools are needed to precisely reveal this structure: ex combine

(ooo0) and (ooce)

@ Hunting for 4D Ising model?



CFT’s

@ Conformal bootstrap gives us insights about genuine strongly coupled
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Conclusions

@ Conformal bootstrap gives us insights about genuine strongly coupled
CFT’s

@ We built a machinery that deals with space-time dimensions
democratically (although in even dimension we have more tools)
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Conclusions

@ Conformal bootstrap gives us insights about genuine strongly coupled
CFT’s

@ We built a machinery that deals with space-time dimensions
democratically (although in even dimension we have more tools)

@ SCT'’s can be explored in a similar fashion. A" = 1 already started,
N = 2,4 on the "to-do" list.
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Conclusions

@ Conformal bootstrap gives us insights about genuine strongly coupled
CFT’s

@ We built a machinery that deals with space-time dimensions
democratically (although in even dimension we have more tools)

@ SCT'’s can be explored in a similar fashion. A" = 1 already started,
N = 2,4 on the "to-do" list.

@ Compare with AdS/CFT techniques.
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Conclusions

@ Conformal bootstrap gives us insights about genuine strongly coupled
CFT’s

@ We built a machinery that deals with space-time dimensions
democratically (although in even dimension we have more tools)

@ SCT'’s can be explored in a similar fashion. A" = 1 already started,
N = 2,4 on the "to-do" list.

@ Compare with AdS/CFT techniques.
@ Bootstrap in Mellin space?
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