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Goal:UnderstandstringtheoryonAdS-spaces
Buildingblocks:nonlin.sigma-modelsonsuper-groups.

PSL(1,1|2)↔AdS3×S3

PSL(2,2|4)↔AdS5×S5

Towriteoutworldsheet-actions,usePoincarecoordinates:

ds
2

=
1

z2(dz
2
+d~x

2
).

Writingz=e
ϕ
⇒world-sheetHamiltonianoftheform

H=...+e
2ϕ

(...)+e−2ϕ
(...)+...

Exponentialinteractions!

Ontheotherhand:Hopeforintegrability!(Bena,Polchinski,Roiban)
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Nicerecentstoryconcerninglimit(Hofman,Maldacena)

J→∞,E−J=fixed,y∝R−1
AdS=fixed

Gauge-fixing:J7→R=J/√y,R:world-sheetradius.

Hg.f.=

2πR ∫

0

dσ
(

...+e
2ϕ

(...)+e−2ϕ
(...)+...

)

Conjecture:Hg.f.isintegrable.

ProposalforfactorizedscatteringtheoryininfinitevolumeR→∞(⇔J→∞)

(Beisert,Staudacher,Hofman,Maldacena...):

.Elementaryexcitations(“magnons”)8B⊕8F.

.Proposalfor2→2scatteringmatrix(forally!!!)

Proposalhaspassedhighlynontrivialtests!
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Importantproblem:SpektrumforfiniteR⇔finiteJ?

AsymptoticBetheansatz(Arutyunov,Frolov,Staudacher)

•Pretendmagnonsarefreeexceptformagnonscrossing(δ-likeinteractions),

⇒Ansatzforcoord.spacewave-fct.:Plane-waves+crossings(S-matrix)

•Periodicityofwave-fct.⇒

e
ipaR

=
∏

b6=a

S(pa,pb).

Problem:Interactionsarenotδ-like(vacuumpolarization)

⇒ExpectcorrectionstoAs.Betheansatz!
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Classesofintegrablemodels:

(A)Compactintegrablemodels.
Modelsassociatedtocompactgroups:WZNW,σ-models,XXX,XXZ,

Ising,Interactionse
ibφ

:Sine-Gordon....

(B)Noncompactintegrablemodels-Realtype
Modelsassociatedtonon-compactgroups:WZNW,σ-models,XXX,XXZ...

Interactionse
bφ

:Liouvilletheory,Sinh-Gordon,(Affine)Toda...

Class(B)isimportant:

•Stringtheory:Stringsonnoncompacttargetspaces(blackholes,cosmology),

•Gaugetheory-viaAdS-CFTcorrespondence,

•Condensedmatter:IntegerquantumHall,electronsystemswithdisorder.

But:Class(B)isverydifferentfrom(A):

—Prediction:Betheansatzfailsinclass(B)!
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Considerprototype:Sinh-Gordonmodel(oncirclewithcircumferenceR)

HShG=

R∫

0

dx

{

4πΠ
2
+

1

16π
(∂σϕ)

2
+2µcosh(bϕ)

}

.

•InfinitevolumeR→∞:

–Spectrum:Onemassiveparticle,E=mcoshϑ,p=msinhϑ.

–Scattering:S-matrixfactorizesintotwo-particlescatteringS(ϑ1−ϑ2)

S(ϑ)=
sinhϑ−isinϑ0

sinhϑ+isinϑ0
.

–Fields,correlationfunctions:...?!

•FinitevolumeR:

–Spectrum:Conservedquantities,classificationofeigenvectors-today!

FirstexampleforQFTfromclass(B)wherespectrumwas
understoodforfinitevolume!
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Firststep:ConstructintegrablelatticeregularizationoftheSinh-Gordonmodel:

•HilbertspaceH

•HamiltonianH,

•setQ={T0,T1,...}ofcommutingconservedcharges

1.DefinitionofH:

DiscretizeSinh-Gordonvariablesas

Πn→Π(x)∆,Φn→Φ(x),x=n∆.

Quantize:

[Πn,Φn]=
1

i
δn,m.

⇒HilbertspaceH≡(L
2
(R))⊗N

.
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2.ConstructionofQ.Let

M(u)≡
(

A(u)B(u)

C(u)D(u)

)

≡LN(u)·...·L2(u)·L1(u),

where

L(u)≡
(

L11(u)L12(u)

L21(u)L22(u)

)

,





















L11(u)=e
+

β
8(Πn+2s)

(

1+e−β(Φn+s)
)

e
+

β
8(Πn+2s)

L12(u)=sinh
(

πbu+
β
2Φn

)

L21(u)=sinh
(

πbu−
β
2Φn

)β=b
√

8π

L22(u)=e−
β
8(Πn−2s)

(

1+e
+β(Φn−s)

)

e−
β
8(Πn−2s)





















Considertheone–parameterfamilyofoperators:

T(u)=tr
(

M(u)
)

=A(u)+D(u).

⇒TheoperatorsTmwhicharedefinedbyT(u)=e
πbNu

∑

N
m=0(−e−2πbu

)
m

Tm,are

positiveself–adjointandcommuting,[Tm,Tn]=0.
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3.ConstructionofH

ThereexistsanoperatorHwhichhasthefollowingproperties.

(a)TheoperatorHislocal:

H=
N∑

n=1

Hn,n+1.

(b)HcommuteswiththeconservedchargesTk:

[H,Tk]=0,fork=0,...,N.

(c)Classicalcontinuumlimit(Πn→Π(x)∆,Φn→Φ(x),x=n∆.)















N→∞
∆→0

s→∞















with

{

R=N∆/2π

m=
4
∆e−πbs

}

fixed.

H→~→0

∑

n

1

∆
H

G,cl
n,n+1→

∫

2πR

0

dx
(

1
2Π

2
+

1
2(∂xΦ)

2
+

m
2

β2coshβΦ
)

+const
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Goodnews:Wedohaveintegrablelatticeregularization

⇒Strategy:DiagonalizeT(u)⇒···⇒DiagonalizationofH

Badnews:TheBetheansatzfails:

–onewouldneedpseudo-vacuumΩannihilatedbyB(u)

–Sinceinteractionsinvolverealexponentialse
bϕ

:

B(u)Ω=0leadstoequationslikee
φ
Ω=0

–nonormalizablesolutionΩ∈H!!!

Reasons:

–exponentialinteractionse
φ
,

–non-compactnessoftargetspace!

However,thereissomethingbetterthanBetheansatz:

Q-operatorsandseparationofvariables
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AssumewehaveanoperatorQ(u)relatedtoT(u)viatheBaxterequation

Q(u)T(u)=
(

a(u)
)

N
Q(u−ib)+

(

d(u)
)

N
Q(u+ib),

whichfurthermoresatisfies









(a)Q(u)isnormal,Q(u)Q∗(v)=Q∗(v)Q(u),

(b)Q(u)Q(v)=Q(v)Q(u),

(c)Q(u)T(v)=T(v)Q(u),









•Q(u)isrepackagingofconservedquantities

•DiagonalizationofQ(u)⇒diagonalizationofT(u).

•Eigenvaluesq(u)ofQ(u)mustsatisfytheBaxterequation.

•ExplicitconstructionofQ(u)(Bytsko,J.T.)⇒analyticandasymptotic

propertiesofq(u):Quantizationconditions!
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Bytsko,J.T.
⇒Necessaryconditionsonthespectrum:

Afunctiont(u)canbeaneigenvalueofthetransfer–matrixT(u)onlyifthereexists

afunctionqt(u)whichsatisfies



























(i)t(u)qt(u)=
(

a(u)
)

N
qt(u−ib)+

(

d(u)
)

N
qt(u+ib),

whered(u)=a(−u)=1+(
m∆
4)

2
e−πb(2u+ib)

,

(ii)qt(u)ismeromorphicinC,withpolesin±Υ−s,

(iii)qt(u)∼











e
+iπNσu−i

π
2Nu2

for|u|→∞,|arg(u)|<
π
2,

e−iπNσu−i
π
2Nu2

for|u|→∞,|arg(u)|>
π
2.


























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SeparationofVariables

Mainidea(Sklyanin):DiagonalizeB(u),parametrizeeigenvaluesb(u)as

b(u)∼
∏

sinh2πb(u−yk).

⇒wave-functionsΨ(y1...yN).

Keyobservations:

•(Sklyanin)T(u)Ψt=t(u)Ψt(u)⇔

t(yk)Ψ(...yk...)=(a(yk))
N
Ψ(...yk−ib...)+(d(yk))

N
Ψ(...yk+ib...)

•(Bytsko,J.T.)Properties(i)-(iii)⇒Ansatz

Ψt=
N∏

k=1

qt(yk)

yieldsnormalizableeigenstatesofT(u).
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Bytsko,J.T.
⇒Fullcharacterizationofthespectrum:

Afunctiont(u)iseigenvalueofthetransfer–matrixT(u)ifandonlyifthereexistsa

functionqt(u)whichsatisfies



























(i)t(u)qt(u)=
(

a(u)
)

N
qt(u−ib)+

(

d(u)
)

N
qt(u+ib),

whered(u)=a(−u)=1+(
m∆
4)

2
e−πb(2u+ib)

,

(ii)qt(u)ismeromorphicinC,withpolesin±Υ−s,

(iii)qt(u)∼











e
+iπNσu−i

π
2Nu2

for|u|→∞,|arg(u)|<
π
2,

e−iπNσu−i
π
2Nu2

for|u|→∞,|arg(u)|>
π
2.



























Task:ClassifysetQofsolutionstotheBaxterequation(i)
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LetYMbethesetofallfunctionsY(ϑ)whichsatisfytheintegralequation

(I)L

logY(ϑ)=

∫

C

dϑ′

4π
σ(ϑ−ϑ′)log(W(ϑ′)+Y(ϑ′))

−Narctan

(

cosh(ϑ+iτ)

sinhσ

)

−Narctan

(

cosh(ϑ−iτ)

sinhσ

)

+
M∑

a=1

logS(ϑ−ϑa−i
π
2)+

1

2

M∑

a=M′+1

logS(ϑ−ϑa−i
π
2).

andwhichhavetheproperties















(Y1)LlogY(ϑ)∼−iδN((ϑ∓σ∓i
π
2)

2
−τ

2
)for|u|→∞,|arg(±u)|<

π
2,

(Y2)LY(ϑ)ismeromorphicwithpolesofmaximalorderNin±Υ−s±iτ,

(Y3)LThereexistcomplexnumbersϑa∈S,a=1,...,M,suchthat

W(ϑ)+Y(ϑ)=0ifϑ=ϑa±i
π
2.















(

σ(ϑ)≡
4sinϑ0coshϑ

cosh2ϑ−cos2ϑ0
,ϑ0≡

π

2

b

δ
,σ≡

π

2

s

δ
,τ≡

π

2

δ′

δ
.

)
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Theorem1.Thereisaone-to-onecorrespondencebetweenthesolutionsY(ϑ)∈YM

oftheintegralequations(I)LandtheelementsQ∈QM.

•GivenQ∈QM,getY(ϑ):

W(ϑ)+Y(ϑ)=Q(ϑ+i
π
2)Q(ϑ−i

π
2).

Z={ϑ1,...,ϑM}:setofzerosofQ(ϑ)withinS.

•GivenY(ϑ)∈YM(zeros:ϑa∈S\∂S,ϑ′
b∈∂S)getQ∈QMas

(Q)L

logQ(ϑ)=

∫

C

dϑ′

4π

log(W(ϑ′)+Y(ϑ′))

cosh(ϑ−ϑ′)−Narctan

(

coshϑ

sinhσ

)

+

M′
∑

a=1

∫

ϑ

Ca

dϑ′1

sinh(ϑ′−ϑa)
+

1

2

M−M′
∑

b=1

∫

ϑ

Ca

dϑ′1

sinh(ϑ′−ϑ′
b)

.
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Continuumlimit:Easy!

Continuumlimit:

N→∞,s→∞suchthat

mR

2sinπ
b
2δ

≡2Nexp
(

−
π

2δ
s
)

iskeptconstant.

⇒···⇒···⇒

Mainclaim:
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Mainclaim:

TheHilbertspaceoftheSinh-Gordonmodelcontains(isequalto!?)HTBA= ⊕

∞
M=0HM.ThespacesHMhaveONBeklabelledbyk=(k1,...,kM)∈Z

M
,,

k1>···>kM,ek:eigenvect.totheconservedquantitiesofthemodel.

ThecorrespondingfunctionQk(ϑ)canberepresentedas

(Q)logQk(ϑ)=

∫

R

dϑ′

2π

log(W(ϑ′)+YTk(ϑ′))

cosh(ϑ−ϑ′)−mR
coshϑ

2sinϑ0

+
M∑

a=1

∫

ϑ

Ca

dϑ′1

sinh(ϑ′−ϑa)
.

whereTk=[ϑ1,...,ϑM]istheuniquesolutionof

(B)2πka+mRsinhϑa+
M∑

b=1
b6=a

argS(ϑa−ϑb)+i

∫

R

dϑ

2π
σ(ϑa−ϑ+i

π
2)log(1+YTk(ϑ))=0,

withYT(u)beingdefinedastheuniquesolutionto

(A)logYT(ϑ)−
∫

R

dϑ′

2π
σ(ϑ−ϑ′)log(1+YT(ϑ′))+mRcoshϑ+

M∑

a=1

logS(ϑ−ϑa−i
π
2)=0.
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TheenergiesarecalculatedfromYT(ϑ)asfollows:

Ek=
M∑

a=1

mcoshϑa−m

∫

R

dϑ

2π
coshϑlog(1+YT(ϑ))

ExcitedstateTBA!

(GeneralizesworkofAl.B.Zamolodchikov,S.Lukyanovforthegroundstate)
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TheIRlimitR→∞

ConsideringIRlimitR→∞,noticethatYT(ϑ)=O(e−mR
).

⇒

Particlepicture:

•M:numberofparticles,

•ϑa:Rapidityofparticlea,

Ea=mcoshϑa,pa=msinhϑa,

•ϑaquantizedby“asymptoticBetheansatzequations”.

e−iRpa
=

M∏

b=1
b6=a

S(ϑa−ϑb)

–TypesetbyFoilTEX–19



ForfiniteR:

e−iR(pa+Φa)
=

M∏

b=1
b6=a

S(ϑa−ϑb),

where

Φa≡
∫

R

dϑ

2πR
σ(ϑa−ϑ+i

π
2)log(1+YT(ϑ)=O(e−mR

).

Φa:Effectsofvacuumpolarization!

TheUVlimitR→0:

—ConnectionwithLiouvilletheory!
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Comparewith“StringBetheAnsatz”:

•ValidforJ→∞,J:angularmomentumonS5

∼Radiusofworld-sheetcylinderingauge-fixedaction.

•ForfiniteJ:correctionsO
(

e−2πJ/
√

λ
)

toStringBetheAnsatz

(Schäfer-Nameki,Zamaklar,Zarembo)

≡counterpartsofe−mR
-correctionsinSinh-Gordon

•Gaugetheoryside:“Wrappinginteractions”:

(seeKotikov,Lipatov,Rej,Staudacher,Velizhanin)

Prediction:BetheansatzwillfailforAdS5sigmamodel,finiteJ.

Butdon’tforget:

Thereissthg.betterthanBetheansatz!
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