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Introduction

The AdS description of a CFT is useful if it is
¢ Weakly coupled €«—» “large N factorization

<01 . On>connected ~ /{n—Q : /432 ~ GRl_d <1

® Local - effective field theory in AdS with small
number of fields valid up to some UV cutoff £
much smaller than the AdS radius R

1 R

gf\) nN, ——

mass JAN

=% Large gap in spectrum of dimensions A > 1
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Spectrum of Effective CFT

A > 1+ Other single-trace

AdS coupling
constant

Multi-trace primaries \

dim (Ol@nOQ) = A1+ +n+0O (1/N2)

0(1) } Few single-trace primaries spin < 2

Un itary bound [Heemskerk, |P, Polchinski, Sully ‘09
[Fitzpatrick, Katz, Poland, Simmons-Duffin ‘| O]

O [EI-Showk, Papadodimas ’| | ]
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A C O nj eCtu re [Heemskerk, |P, Polchinski, Sully ‘09]

Any CFT that has a large-N expansion, and in which all
single-trace operators of spin greater than two have
barametrically large dimensions, has a local bulk dual.

: [
Large-N expansion 5, Weakly coupled bulk dual E]j <1
Single-trace operator «—— Single-particle state

Sezgin, Sundell 02]
Large-N vector models have weakly coupled Klebanov, Polyakov 02]

non-local bulk duals (AdS higher spin theories).  [Fradkin,Vasiliev 87, ..]
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|s there a CFT dual of GR?

A > 1+ Other “single-trace”

Gravitational
coupling
“Multi-trace” primaries / l

dim (T0"T) = 2d+n+ O (GR'™%)

o7 dim (T9"TO"T) =3d+n+m+ O (GR™%)

d + Energy-momentum tensor

Weak coupling < |A| < M3




Bulk Locality

Main difficulty: local bulk physics is encoded in CFT
correlation functions in a non-trivial way.

How to extract the bulk S-matrix?

e N
S~ -
|dea: prepare wave-packets that 0 0
scatter in small region of AdS
[Polchinski 99" N
[Susskind 99’ Ry e
[Gary, Giddings, JP ‘09] AN
[Okuda, JP’ 10 o ’//,"
. . . 6 )
Best language: Mellin amplitudes _— —
N~ -
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Outline

® |ntroduction

® Mellin amplitudes

® Flat space limit of AdS
® [esting the conjecture

® Open questions




Mellin Amplitudes




Me”in AmplitUdeS [Mack ‘09]

Correlation function of scalar primary operators

A(x;) = (O1(z1) ... Op(xy))

A(x;) N/ do]| M w HF i) %)

1<

— 1700

Constraint Z 0ij = A = dim|O;]
JF1

n(n — 3)
# integration variables = # ind. cross-ratios = >




Analogy with Scattering Amplitudes

Introduce k; suchthat —k?=A; and > . ki=0
then 0,; = k; - k; automatically solves the constraints.

Define Sij = _(kz -+ ]Cj)Z — Az —+ Aj — 2&&] [Mack ‘09]

The Mellin amplitude is crossing symmetric and
meromorphic with simple poles at (n = 4)

C13kCoax P (7113)

M i) =~ 2071,2,...
(S J) S13 — (Ak — lk —+ Zm) e
0103 ~ Cy3:04 1

Y13 = 5(812 — 814)

0204 ~ C24;,0
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Example: Graviton exchange in AdS5

Minimally coupled massless scalars
A, =d=14

[D’Hoker, Freedman, Mathur, Mathusis, Rastelli ’99]

1 2
4 20 23
A(x;) o< 9D 4444 (x;) 320, Dg14(x;) 0zt Doyos(x;) 022, D3y34(;)

2 .2 2 .2 2 .2 2 .2
| 16(21,755 + 71,73, 64(27,753 + T19734)

320, 2525 () 0T, 3535 (;)
, 8(33%433%3 5’3%23534 B 37%437%3) f
| 72 Dsas(2i) - D-function
13
6715 + 2 8713 13— 1 15 99
M(Sij) X | | S13 + —

813—2 813—4 813—6 4 2

Tuesday, March 22, 2011



Double-trace operators

The double-trace operators ©0;0"0,; (normal ordered

product of external operators) do not give rise to poles
in the Mellin amplitude.

All poles are associated with on-shell internal states.

n 1

Contact diagrams in AdS give polynomial Mellin ar.ﬁplitudes

Mellin amplitudes are specially nice in planar CFT’s
(dual to tree level string theory in AdS).
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Flat Space Limit
of AdS




Flat space limit of AdS

Anti-de Sitter Minkowski

K7 =0
Sij = —(K; + K;)°

pr(i-d)/2+d+1 [ L A 23
: T

Mellin amplitude

Scattering amplitude
for Sij > 1 5 P
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Evidence for =~ /T

1) Works for an infinite set of interactions

1
gV ...Vo1V...Voo... V...V,
N~
(1o contractions ,

# derivatives =2 ) a;; =2N ‘
i<

I'(Si) =g ﬁ (S;j ) i

1<

1 d
M(s;;) ~ an(l_d)/Q—l—d—l—l—QN I (§ ZZ A; —. 5—_;
2

dimensionless
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Evidence for =~ /T

2) Agrees with previous results based on wave-packet

constructions
[Gary, Giddings, JP ‘09]

[Okuda, |P ’10]

3) Works in several non-trivial examples
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UV and IR divergences

UV divergences are the same in AdS and in flat space.

IR divergences are absent in AdS.

The Mellin amplitudes can be thought as IR regulated
scattering amplitudes.




Application: from SYM to |IB strings

N =4 SYM > type 11B strings
gym = 4Tgs
G = A = (R/L,)!

O(x) = Lagrangian density ¢ = Dilaton
4pt function —_— 2 = 2 scattering
(O(21)O(22)O(x3)O(x4)) R — 0 amplitude
; 1T / y
)\11_)11;0 )\aM(g%(M,)\,Sij — \/XOéz'j) — 1207T3€g /d6556_BT10 (g&gsvsij — E_gaij>

T O

Mellin amplitude
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Testing the Conjecture

Any CFT that has a large-N expansion, and in which all
single-trace operators of spin greater than two have
barametrically large dimensions, has a local bulk dual.




Sca I a r Toy M O d e I [Heemskerk, JP, Polchinski, Sully ‘09]

Consider a“CFT"” in which the only low dimension
single-trace operator is a scalar ) of dimension A

OPE OO~H+}X{+ZOR,Z+...

7. symmetry 1,1
Double-trace primary operators
Oni = 05;1 . .5;1 (a 5”)"(’) — traces

CFT = Four point Mellin amplitude is analytic

Bulk quartic vertices generate all possible

AdS = polynomial Mellin amplitudes
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Inclusion of 1,,,

First drop the Zio symmetry OO ~ 1+ O + Z Oni+...

n,l

Gives rise to poles in the Mellin amplitude, whose positions are
fixed by A and residues are fixed by copo

Any two solutions differ by an O

. . . nly one new
analytic Mellin amplitude » Srameter: (2
already studied P + OO0

Counting of solutions agrees with bulk expectations.

We can also consider other operators (likeZ},,) in the OO
OPE and the same reasoning applies.
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Open Questions

* Generalize to external massive particles (work in progress)
—> 3pt-functions of SYM at strong coupling

* Mellin amplitudes for external operators with spin (helicity)

* Build n-pt functions by “gluing” 3pt functions of single-trace
operators (analogous to BCFW) [Raju ‘10]

* Feynman rules for Mellin amplitudes?

¢ Unitarity for Mellin amplitudeS? [Fitzpatrick, Katz, Poland, Simmons-Duffin ‘| 0]
Renormalizable vs non-renormalizable bulk interactions

* Bootstrap for CFT in higher dimensions (d>2)

* Mellin amplitudes without conformal invariance!?

Tuesday, March 22, 2011



Thank you!




Sharp Locality in the 4pt-function

— Y Y

Conformal invariance gives

A(z, Z)
(O(21)O(22)O(23)0(24)) = —Sx 34
L12 L3y

Cross ratios
) :EQ :CQ B :C2 $2
A %3 34 (1—2)(1—2) — ;4 33
T1oT5, L1234

Sharp locality in the bulk implies a
singularity in A for z = Z.

_ F(o)
A(z,z) ~ pAA+2k—3
z = oer .o 0 t
_ B o =s8n“ — = ——
z =oe P 2 S

0 17
/
) 2
\ /
\ /
\ /
N ;!
N /
\ II
\ /
\ / /
NN
NN, A
Y
N ! 7
\\PS‘/ — 0
N
/7\,\(\\
V4 /I\\\\
/ AN D
/ RS
NS
NS
NS
N
NS
NS
\ \
v NN
a// \\0 i o
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Flat Space S-matrix from AdS/CFT

The strength of the singularity is fixed
by dimensional analysis

—d—or  F(o) T1
_ 2 p3—d—2k
A(z,Z) ~ "R pAA+2k=3
z = e’ z=o0e * A
Example: L; = g° ¢*(V?)F¢? Witten diagram

In Ade_|_1

The bulk flat space S-matrix determines the residue of the
singularity of the CFT 4pt-function.

F(o) .0t
1=2A—k(] — ¢)2A8-2+k M

T(s,t) = g°s”
o
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CFT Constraints

Conformal invariance

Operator product expansion (OPE)

Crossing

® Unitarity

® (Generalized modular invariance  [E-Showk, Papadodimas 111

; 4 N
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Scalar Toy Model

Consider a “CFT” in which the only low dimension
single-trace operator is a scalar J of dimension A

(0(0)0(2,2)0(1)0O(x)) = A(z,2) = A(1l — 2,1 — 2)

OPE  O0O0~T+¥+Y 0pi+...

Z.o symmetry 1,1
Double-trace primary operators
Ony = C”)gu1 . 5;” (5; 5”)”(9 — traces

Conformal partial wave expansion /

(ZZ)AA(Z7 Z) =1+ Z ZP(T% l) gA(n,l),l(Zv 2)

n=0 [=0

N/
/" N\




Conformal Partial VWaves

N /ZQEZ(Z Z)
/(B 1)\, S

Only SO(1,3)
d— 9 Not Virasoro
(22)F/2 [ y2\1/2 ) N
ge.1(2,2) = T+ o0 (;) Fpi(2)Fp_1(Z) + (2 < z)
d=4
1+E/2 T 1/2 T
gpa(r2) = T (2) " Pl Foo1a(9) — (- 2)
a a
where F,(z) = oF} (5 5@ z)

Explicit expressions in even dimension [Dolan, Osborn 01]
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|/N Expansion

(22)2A(z,2) = 1+ 3 3 p(n,1) gagmaa(z2) = (22) A1 — 2,1 - 2)

e e
n=0 [=0

Solve in the |/N expansion

A(z,2) = Ao(2,2) + N2 A1(2,2) + ...
p(n, 1) =po(n, 1) + N *pi(n, 1) + ...
A(n,l) =2A +2n+1+ N 2y(n, 1) + ...

anomalous
dimensions

A(209) = 3 [ 0) + puli (. 1) 1| 225D 41— 21— 2)

- 2 On (zz)A
SN

unknowns
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Counting bulk interactions

Any bulk quartic interaction gives a solution to crossing

o, 9AH (V. VL)%, 3 (V. V., V)2, ...
Spin

T (L+2)(L+4)
8

:m Interactions

01 2 3 45 6 7 8 910111213 14 1516 17 18

—_— =
S —~ N Wk U0 SIDO

(# of derivatives)/2
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Counting solutions to crossing

N\ 10 | gaaton+i1(2,2) L
Ai(z,2) = KEL:TL {pl(n, ) 4+ po(n, l)y(n,l) > A () = A1 (1—2,1-2)

Eliminate p;(n, ) by expanding around z = 0 and Z = 1 and
considering the terms with log zlog(1 — 2).
Project onto a complete set to get recursion relation

Y A Jp+La)+ > A —1LDI(p—1q) = (p<q)

=0 =2
even even

There are more equations than unknowns...

known
function

Tuesday, March 22, 2011



Counting solutions to crossing

L

Y A DIp+La)+ Y Ap—1L1DJ(p—1,q) = (p< q)

=2
even

1/24 free parameters fixed by the equations
D Qf O 0O @ @ Q/
(L+2)(L+4)
@00 L2 ]

O 0 & @& © © O Solutions

Crossing also determines p1(n,l) = %ag {po(n )y (n, l)}
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S-matrix Theory in AdS (Giddings 99

S-matrix elements <——> CFT correlators
Lorentz invariance <—> Conformal invariance
Unitarity <€—> Reflection Positivity

Analiticity <«<—> OPE, Crossing

The boundary correlators for any weakly coupled unitary quantum
field theory on AdS with a “small” number of fields should be
broduced by a local Lagrangian.

4

(O@)0(2)0(a)Owa)) = [ 253100, T] -4

= (a2 )%'
1<J 1)

M (0;;) has very similar analytic properties to a flat space S-matrix.

[Mack 09]
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Analytic Continuation

Euclidean regime

7 =2

_ collinear
2 = 2 <= i 1
points

Singularity only appears
after analytic continuation to the Lorentzian regime.
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