INTRODUCTION TO MANY BODY PHYSICS: 620. Fall 2024

Answers to Questions II. Sept 29

Here is an outline of the solutions.

1. (i) Expanding |¢) = [1111100...) = cf5¢fyclsclac1]0) we obtain (in gory detail)

clacocacs caly) = CT3CGC4C6T%T5CT4%CT20T1|0>
CT3%C4 6 CT5CT4CT2CT1|0>
__CT&§4CT5§}ZET2CT1’O>
+CT3CT5CT20T1’O>

= —cl5cfsetyc1]0) = —[1110100. . ).

(ii) We may write

111010011... = ¢g[11010010...) = cfsc'7[11010000. . .)
= clgcl7e5/11011000. . )
= clgelreses]11111000. . ) (1)

This state can be interpreted as the creation of an electron in states 8 and 7 and a “hole”
in states 3 and 5.
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Figure 1:

(iii) To calculate (¢|N|ib), where ¢ = A|]100...) + B|111000...), note that
Ny = A[100...) 4+ 3B|111000. . .), (2)
so that (Y| N|y)[|A]2 + 3|B?.



2. (i) We need to confirm that {c;, c'1} = {cs, cfo} = 1 and also {c1, e2} = {2, 1T} = 0.
Substituting for ¢; and ¢y, we obtain

{e1, e} = {ua; +va'y, —va'y +uas} = —wv{ay, a;'} +vufa'y,ar} =0, (3)
and
{e1, CTl} = {ua, + UCLT2,U*GT1 +vag} = |u|2{a1, G1T} + |v|2{aT2, az} =1, (4)

provided |u|? 4 |v|* = 1.

(i) Consider H = w[clic; — cacly], then if

(4 )= (5 )l )=o ()

where (assuming u, v real) U is a unitary transformation, we may re-write H as

H = (ClTaCZ) <{g —Ow> <0621T>

—
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so that using (5)

—w
e (4 %) (o)
- 1 ,U2 A —¢ CLQT
= e[aTlal — (ZQCLTQ] + [AaTlaTQ + H.c| (6)
where
e = wu®—1v?),
A = w(uw). (7)

Squaring both expressions and adding the results, we obtain w =(€* + AQ)% and

1 € 1 €
) e
Y 2(+w>’ v 2 w)/)’ (8)

(iii) The ground-state is annihilated by both ¢; and ¢y, so that if H = w[chcl + clocy — 1],
1
the ground-state energy is F, = —w = —(? + A?)2.

3. Let us write our starting Hamiltonian in the form

J



Jo+ J, _ Jp—J
= P (ShS  He) + S (S5 + He) (9)
J
where ST = S% 4 {5Y. Using the Jordan Wigner transformation,
z . 1
S; = (chjes — 5)
SHEES che”ZKif”, (10)
we have
SiaSy = cing,
ST = —ead, (1)
so that
H = — Zt[CTjJrle + HC] — ZA[CTJ'+1CT]' + HC} (12)
J J
where t = 22t A = D

1 1
(ii) Transforming to a momentum basis, cf; = \}—N Y, d,e”™4, the Hamiltonian takes the
form

H= -3 2tcos(qa)d'yd, — d_od" ;) — > Ale7"*dl,d"_, + H.c]. (13)
qg>0 q
Since d',d"_, = —d'_,d', is an odd function of ¢, we can replace Ae~"* — —iAsin qa, to
get
H = Z eq[qudq — d_da_q} + Z iAq[qudT_q — H.c|
q>0 q>0
A d
pe 5 S)(4)
q§) ( ? q) —iA, —¢, d_,
- Z qu(EqTS — AyT2)dy, (14)
q>0
where €, = —2t cos(qa), A, = 2Asinga and we have introduced the Nambu notation

dy = ( de_qq. ) (15)

Notice how the sum over ¢ > 0 is needed so that d, and d_, are independent. Carrying
out the Boguilubov transformation af, = d',U,, or

(ahyrasy) = (dyd_y) ( g ) (16)
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Figure 2: Showing dispersion for x-y, anisotropic x-y and Ising limits of model.

where U, is the unitary matrix composed of the two column eigenvectors of H = eqm3—A ;7.
Following the results of the last section, the Hamiltonian takes the form

H=}, wilatgag —a—qal_y], (17)

q>0

where

1
2

31
wg = (6(2] + Ag) . 5 [Jﬁ + J? +2.J,.J, cos(2qa)

(uq> _ ‘[1+§ii ' (18)

The spectrum of spin-excitations is shown above. For the case J, = J,, the excitation spec-
trum is gapless, corresponding to the continuous rotational symmetry (Goldstone mode).
For the case J,, or J, = 0, the excitation spectrum is flat w = J,/2 as expected for the
1d Ising model. We can interpret J,/2 as the energy to create a “domain wall” in the
Ising Ferromagnet. If the ground-state is |¢) = | =——————) then the flat band of
fermions corresponds to domain wall excitations. If we use open boundary conditions, then
energy to create a single domain wall, i.e | >———<—<—<«) is J, /2. In periodic boundary
conditions, such domain walls can only be created in pairs.



