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Remember to explore geometry of Kolber space we need

to move inside it
.

Linear algebra is easy but
the extra twist comes from COMPLEX NATURE of H -

S
,

Lets move in the H -

s by following a particular eigenstate
but very slowly or adiabatic '

tD
Consider a hamiltonian H Ct ) = H ( Ict ) ) E - CE

, .
. . .
R ,

we can think of Pi as a vector in a set of parameters .

in the D
- dim space .

No relation to real space !
For each R we have

a set of eigenstates of HCE ) :

for
H CK ) th CF ) > = En CE ) incr ) )

simplicity ,
Pet 's also assume Eu is deseret and non - degenerate



The adiabatic tells us : 2
if it → ' Yu ( t -

- o ) ) = In CE ( t -
- o ) ] >

initially
in the nth eigenstate

it will remain in the

nth state as long as the

system evolves very slowly in time
.

14h ( t ) ) = quit ) Ih CK Ct )D

So the path in the parameter space can

define the path in the hilbert space .

÷~T€
.

Since time evolution is a unitary transformation

( alt ) should be a pure phase
i eat It Utu -

- I

e. g .

Cult ) = e \or if it depends on t = }

cue
ein 't )

e

III. Eu Lt 's d
'

in
this phase will turn out to be

¥et ,
it accounts for some

extra

aspects hot captured toy the Id factor .

After that we plugging it into

j tf ly .
As > = H CECH )l Ynet ) )



Ly I iffy ( e

" " "
e

- it 1tdt' act
') ) , > 3

= Hei on Ct ) e-
" t

- - - -

in > ⇒

d

ft Tn ( t ) = i Cn Cret ) ) I # In ( Rct ) >

or Tn ( t ) = i ! ttt ' Ln ( Ect '

) III. In Cnet 's>

*
Problem '

=§jncn). wat :{ neither )l
can You

.show this ? !→ In Incr ) >

This factor also known

is called the

Berry connection

as a gE which
-

depends only on the path C and not on

dynamics .
e. g .

consider you
drive home

from Rutgers and watch odometer .
The final

number is i of how foist you drove

but ¥¥tE you select .

Ah

Problem 2 : Show that if ancient heir )7=1

and §z Ch ( E) I n CI ) ) = o
,

Ft "

CR ) and

Yu are REAL
.



Also we need to emphasize that fu is 4
Gauge independent a new gauge

Incr ) > = e
" ECR ) th CR ) ) ⇒

Ah CR ) = i Charl I % in Cre ) > = i Cher ) , e-
" " "

free
:{ CR )

incr ) ? =

- I ' Cher ) I e t
' 11h17

t i cut % Incr ) ? = - en 181147

t i cu Iff in >
ya

= Acr ) - In Ecr )

-
ATR ) - weal Acn ) -_ i cut da Ih >

-7 Tn → Tnt { ( Elt - o ) ) - { CELT ))
T t

Th =
J o o o

0

So we think that I can be always
gauged away

but
. . . .

if we move in a 2¥ something
new will happen : Rct -

- o ) = kct-tf.nl )
⇒ It ( to ) = H ( that )

in this case { Cto ) - { ( tfin.de/=o

and rn = § # Cr ) . dri is gauge
- independent

and known as Berry phase



It also looks line a vector A' "

CR ) §
potential in E & M

naaiiagnetic flux
"

§ # rdr = qgEH.nruthepgrp.ee#
Ett -

It also means we can introduce

a local field why u CR ) which is called

Berry curvature .

#
°

wmtRJ-oq.AICRJ-dr.AT#T
( Dx A ) this is anti - symmetric

tensor of rank - 2

similar to Fmv in Ed
,
m

Let 's use Stoke 's theorem § F. dR=§pxE.d5
Ju = § Incr ) - DR - I Jfodrrrdru whack )

a- #

,

' [ this is to avoid double
c

summation

#

Diff . geometry d Rr n a' Rr
' [

a surface are of a

c

'

parallelogram formed by
z vectors multiplied . qM¥

, ,

dkrndkv = -

'

'

d Randy
,

- d Road Ku

(

Also
,

in Isb b/c wµ ,
is the rank - Z

- anti - symmetricit can be represented by the
(

tensor
3 ↳ nponets ; , as a result we can write it as

Read Levi - Civita c

in Wikipedia !
' b

's
= I E

SM
Wmv ⇐ cis Levi-Civita )

# Symbol



Or I = Dr x Ah = i Ltlrhcrlxlhpncr ) ) 6
£

A
"

CR ) = i suck ) I # In CRD
← in

and by analogy to the vector potential in a

rn=§-b
problems : Show that tree up ! = Or

,
Au CR ) -

• Rr Aik ) ⇒

wmhu = i [ LOR
,
NCR ) Idr

,
MCR ) > -

-
( OR

,
incr ) 10rem h CRD )

Thu , the Berry phase is = Aharon .ir -
Bohm phase

T:::::%÷:÷m::::::¥¥



Berryph.se?Aharenov-Bohne/te#
Z & H 9 ( qIe¥ig

:

ht
\×^a Since each line

"
" °

has different length

X#f÷÷:÷÷÷÷÷:÷÷÷÷÷÷i÷÷
DM and turn the corner addiabat

.

The finite size provides
To the gap to preserve the

barrier adiabatic transport
no charge particle

enters the cylinder → he brents force !
he effect on particle motion

in classical mechanics
but even though 0=0 outside of the cylendcr

,
I is not

TT XF - o is everywhere so we can ignore it but

if we move along a close loop which winds

around the tube
Jodi . Acr ) -

- not
[

Topological
- in variant

↳ bat effect :

One way to see it is to consider a Feynman path int :

eia sci ) where Scr ) - Ltd t Lci
,
r )

E Lagrangian

in the presence of vector potential
L - L a- C- e) Acir ) . E



Thu ,
s -

fated t.ee/AcridzEd/ → 7
e'

'

O
= e

' ' Idi . Act ,

which is for closed loop =h is the

topological invariant
.

Next we want to show that adiabatic

moving of the e- around the tube

gets a Berry phase = Aha honor
- Bohm phase

-

i. e
.

D= III fdr - Air ) = - a zit 0/0
.

Oo is the flux quantum =

-
I 5

0/0=2.067 - to Wb

To do adiabatic transport we place e
-

into

a finite size cage C i. e
. It should have
excitation gap )

H - tune ( Ft E Acr )) -
+ Vcr - Ko )
any strongly confining

fuefutial
Also we assume that DxA=o will work

.

A' in = ¥ Dyer ) with fear .F=d÷§dr . niter )
= not

one of the possible choices for Lcr )
= # yer ,



Let us assume that our system is in Cf
the ground state described by So Cr - ri

.
)

when A =o bat in the presence of the flax

the solution becomes :

yet ) - e

- it # r )
S

.
CF - Io )

here is before took 2¥ In !dr ' . Acr
' )

in some path
Note

,
here we evaluate the integral rinsed the box

.

p÷⇒ .

S " " Pitt ( outside the box )=o
der ) is defined inside the box

.

global
io

Sine Y Cr ) is Vgauge invariant i. e. Yoke

Also 0 can be a fraction of R
.

but not r
.

Different choices of Otro) correspond gauge for Berry

connection in the parameter space .

A different choice of X CF ) corresponds to different
Ro

Electromagnetic gauge .

such 4 ( Rot B) is real

Now we choose the gauge as

[ ¥3
yet ) = e'

' Otro )
e

- i tho ' "
go ( T - Io ) point

inside
the box

to fulfill this we simply can take

* ( Ko ) = TYKE
.
a- tis )

Using Doi
.

O ( Ro ) = Rn .fr , Crit is ) = 2¥
.

[ AC Rota ) - ACHI
T
Acr ) -

- ¥
,
Dyer )

we find that Berry connection

A- ( Ro ) = i LY l Prowl > =



= i cull Prowls = if et
" "

g. c , - r . ) Da
.

Oe - '
'

tf
.

-Roly?
Tze al function

= so ei ) no e so t

ee go
e C -

i ) Pdo fo t

ee go e e .
Pso

=
I

z
=\

n t
'

{ o
D { o

= is :p O t cc - i ) so
' Rko c

u t I ←
=
A - 0¥

- l T

- 2ft
.

( ft Ciro th ) -
A- Cio ) ) t i Jdr-sg.ir - Edna

.

.

g. CF - Io ) =
- 2¥ A' ( Ro th ) t iz fdr ' Nrg ? Cr - Ro )

-

the boundary
= - 2¥

,

TA ( Rot D ) of the box

lets slowly vary E .
in a loop such that

Ro t D makes a circle around the 44€
telex tube
with

windingj = § d Io . A- ( Ro ) = - 2¥§ trio . A- Crotts ) number * I
-

=
g- ¥0

totem.

negative charge
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Tight - Binding hamiltonian :

EA
=

✓ I 106

F/a-
-

EB

p
÷ : :

hopping from A - B

£ He - et (
p :* :

"

.

" " ) )=

( Y) →

Px PY
f conduction E = top and

{
-

valence )
y=fzf!±ie)eP%p=px

cosy p -
- pxsiny

this vector is called pseud - spin
-

Let's calculate Berry phase .

Here we have p as a parameter changing

adiabatically across the circle
.

To force p into

the circle :



Generally ,

t force the notion of P 12
we apply 13 , perpendicular

to the graph e

phone .

Let 's rewrite the eigenstate Y in the

symmetric gauge
:

full circle e → at

⇐ ( E
e'

'

P' "I
=¥ei÷lii

"

"A. ÷µyeirr
Lets calculate B. P

.

Two
the

integration

over
the

close
loop

But if we are



We can also calculate 13
B. P . from the pseudo spin poor .

From :

we can write down

the direction of the pseudo spin vector as

Problem :

shew
this by using symmetric gage Y and the definition

of E

So clearly f is in the x - y plane ( see Fig is

p.lt )
we also know that rotation of the sph¥gaigEEgyge 0

given by this operator

when rotated by zit is equivalent of

given a sign C - I ) which is the same

as ei 't = - c
,
or rotation by the T phase

.

Connection 1- quantum Hell in

graphic



een B. P
.

14audIQH

Going back to our starting discussion

on IQHE .

We concluded that

En=h- we C 1/2 )
and E = Yztwc
is the

"
o

"

point energy
But
=

in graphene

Eu -
- o Feist=

without the ' ' o
"

p . eacrg ,

let me demonstrate that it's a direct

consequence of the B. P
.

=5

Lutes try to derive the Landau level

semi classically foreeowdng Onsager .

J¥
when electron is in the Mag . field any

or # t radius is allowed
.

But Bohr - Sommerfeld

rule tels us it mist satisfy Jodi . f = zita - I

h =/
,
L

,
3 . . . .

For an electron in the Magnetic field
F-- ta - EA ⇒

§ ( tie - et ) - r dr =2 Ants ⇒ ( tfdr.k-efdr.AT/h-=2Th



"
↳
rare .ca#.e..ti=-erxB ⇒ tu = - erxBt If

+ coast

from this we can write down :

( Stern : ( fdr . C - e rxB ) -

efdr.AT/h-=ziTh=-eBJodrxr--2e
#
µ in

it is from a . ( bx c) = ( a×bkc feux of

ystock
's theorem

the orbit under B

Ld 'term :
- efodr . A = - effds.pxA-e.EE ,

all together

Geeta : HE
- Horta

.

hoteiuthuisafgp.de
" quantum

Few notes :

D By the way in B. ha - Sommerfeld quantization

there is no zero energy term so we include

it by artificially adding it line this

( t fdr.ie - efdr.AT/-h--zaTntI )
T this is

and it captures new the fully so called
Maslow index

quantum mech . behavior .

ZD
2) Free electron gas with the dispersion E - Em

moves along a circle with Uc - EI
( Lavrov radius )

Since the energy
mmmm space

their
.ie?;;:EE.EraiiutwJ



In the momentum space we can write

16
''In -

- II = two = terf ⇒

IT let = 2TeB_
I

Consider the same quantization for graphene

As momentum of an electron is forced into

a loop in addition to

§ dr.ie and eftr.tt/h- we

have B.PT or

( t fodr.ie - efod-r.AT/tstIO=2n-Chti/a )
I

cancels the
Maslow index !

So since B. P
.

= IT kills
zit . 1/2 =p

we
ended up withe the same condition

tTkZ_2ITheB1hs@thetiestIrosifntorweDogergaeketro.s
is

tin -
FBI and

E = 5. EAT
From this we can conclude in graphene
t¥ of the zero Landau level

is the consequence of the Berry phase it !
THE END


