PHYS 502 2018 - Home Work 2 Solutions

Problem 1.

A harmonic oscillator potential is subjected to the perturbation \bz? in
the time between 0 to T. Obtain the selection rules for the transition
from the initial state ¢; to ¢, in time 7" and the transition probabilities
for the possible transitions.

The selection rule for allowed transitions is Hj(ci) #£ 0. For HM = ba?
we obtain

H = (or [HO]00)
= b(f|a?])
_ b i
- 2mMiw <f‘ a+a) { >
= bh <f‘a +aa’ +al a—i—aTz]
2 w

= o [ [V = 2) + (7l 1) + 45l
+< VEFDE+2)]i+2)]
— [mé‘f@ o+ (20 +1)dy;

Qmw

+v (@ +1)(i+2) 5f,i+2} .
For allowed transitions H{} fi 7& 0. Therefore, we have f =i —2 or i + 2.
The selection rule is f =14 4+ 2. Then

bh
2mw

bh
i(i—1), H;g,i:_ (i+1)(i+2).

1
Hi(_)Q’i - 2mw

Substituting f = ¢ — 2 and ¢ + 2 in the expression for the transition
probability given by

2
(1)
4 }Hﬁ ‘

pr=— L
hzwj%l

sin?(w;T/2)

we can obtain the transition probabilities for the transitions from ¢ to
t — 2 and 7 to ¢ + 2 respectively.
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1.2

If the perturbation added to a harmonic oscillator potential is \bx?
find the selection rules and the transition probabilities for the allowed
transitions.

We calculate H J(c?:

no\3/2 .
Y = o) [l 0)
3/2
= b <—> [<f ‘a?’ + a’a’ + aata + aa™® + ata?
+ataa’ + a™a + aT3’ zﬂ

— (i)/ ViD= 2674

G+ 1) +2) (i +3) 5043
430325, 4 + 3(i + 1)3/25f,i+1} .

H](ci) is nonzero for f =¢—1or ¢ —3 or i + 1 or ¢ + 3. Therefore, the
selection rules are f =7+ 1, ¢ £ 3.

The transition probabilities for the allowed transitions are obtained as

36(i + 1)36%h

P = B sin®(w;41,:7/2)
36302

P_; = e S (wi—1,iT/2) ,
(i+1)(i+2)(i +3)b*h . 4

Pi+3,i = 18m3w5 Sin (wi+37iT/2) 5
i(i—1)(i — 2)b%h

Pi_g’i SiIlQ(wi_g’iT/2) .

18m3w?

A direct inspection of the solutions in 1.1 and 1.2 shows that of the potential with z»
the selection rules are f=i+(n-2) or i-(n-2) or i+n or i-n.
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Problem 2.

At time t = 0 the infinite height potential V(x) = 0 for 0 < x < L and
oo otherwise is perturbed by the additional term of the form V,,(z) =V}
for L/4 < © < 3L/4 and 0 otherwise. The perturbation is switched-off
at t = T. The system is initially in the ground state ¢;. What is the
probability of finding it in the state ¢3 after the time ¢t = T7

The energy eigenvalues and eigenfunctions of the unperturbed system
are

© _ TR o) _ 57T
E’n = ﬁ s ¢n = 2/L Sln(nTi’x/L) .
m

From the time-dependent perturbation theory the probability of finding
the system in ¢ at time 7" if the system is at ¢; at t = 0 is given by

2
)

2
h2wﬁ

4 ‘H(l)

L
Ppi = ajay = sin®(w i T/2) , Hﬁ) = / ¢§P)*H(1)¢EO) dx |
0

where wg; = (EJ(CO) — EZ-(O))/h. For the given problem

2
4 ‘Hg(j)

EY — B 4x’p
Py = : — =

sin2(w31T/2) s W31 =

h?wi h mL?
H 3()}) is obtained as
oV, [3L/4
Hg) = TO sin(3wx/L) sin(wx/L) dx
L/4
17/ 3L/4
= 2 [cos(2mx /L) — cos(4dmzx/L)] dx
L Jpa
_ %
B T
Therefore,
VZLAm?
P31 Zﬂ'ﬁhfl S1n ((,U31T/2)
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Problem 3.

Assume that an adiabatic perturbation of the form HY) = W(z)e* is
turned on slowly from ¢t = —oo. Obtain the expression for second-order
transition amplitude. Also write the time-independent wave function
upto second-order correction.

We have the second-order correction term

o? = 22 / ar / A"t Hy, (") 6 Ho(t') (14.1)

and

Hpnt) = (£|W(@)e”

/ 12

n>:aneO‘t  Hui(t) = Hpet (14.2)

Substitution of (14.2) in (14.1) gives

[e%e] t/
2 _ 1 / 1" iwnt” at” | iwpit’ at
a;’ = e En /_ dt [/_ dt"ei»* Hype ]e H,;e

_ 1 an 1(wnz+w n—21oz)t

Substituting wy; +wp, = wy; and integrating the above equation we get

anan H(wpi—2ic)t
el Wrim st 14.4
af w2 Z (Wep —ia)(wpi — 21a) (144)

Then

V=Y ap(t)e /i (14.5)
f

where a¢(t) = agco) (1) + agg) Next, we obtain

(1) A Y Hyg; v v oot
= 1w fi (' roo_ 2Jt iwgit’ /
a;’ = _ooe 1Y Hy(t)dt = & /_Ooe fit et dt
_ fi Gilwpizia)t (14.6)
hMwyg; — i)

Further, asco)(t) = 0f;. The wave function is given by Eq. (14.5) with
ay’s given by (14.6) and (14.4) with agco)(t) =0y
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Problem 4.

A one-dimensional harmonic oscillator has its spring constant k suddenly
reduced by a factor of 1/2. The oscillator is initially in its ground state.
Find the probability for the oscillator to remain in the ground state after
the perturbation.

The transition coefficient a7 is given by (¢7|$;). We have

™

1/4 —
¢< _ (azQ) e—a?m2/2’ O[ZZ ];Lm

Now

a7 = /_Ooqbi*gbfdx

_ [ QGO f /-oo e—(af+a?)x2/2 dr
T —00

1/2

20008

2 2
Qi + g
The probability for the system to remain in the ground state after chang-
ing the spring constant by the factor of half is

1/2

Qaviog _2(\@\/@) 2(2)1/
i t+ar VE+E2 1+V2

lag|? = — 0.985 .
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