
drZde Yheor^ 











Boltzmann equation and

relaxation time

a It 2- many came  up with a very general expression
for all kinds of transport .

This approach
is stand att i: modern condensed matter physics

since it describes the changes in the distribution

function  upon  application  of  any perturbation .

* Relaxation time approximation :

Letts Contider a single band and letscall

f CE, t ) the probability that  a stale  with I

occurs  at time t
. Normally it would be the

Fermi  - Dirac distribution  in equilibrium
,

since E

If the solid is hot  at  equal .
we have

hahiffesentfaIt-fHtIg.eidtfttIsaaH@ItIs.e

, ,
= que

.
t"itt:t 'field
I

Note K remains unchanged . Change  in field during
the time at

.

k }
e.

g . in true at the state
k t  q .

at →

few
,

t tot ) = fck t e
't Atl 't

,
= few

,
t )

t EE . Dnf At It  ⇒

%¥) field
= telepath



As for the scattering rate we take
very

generally
⇒

Fermi .

(F) say
=  - fast )

- fo ca )
Di

Ifdisunion
-

E

← relaxation

What we want is to understand how
" ~

the tendency to equilibrium gets restarted

after we applied the field
,

e.
g.

E
.

It's simple

If f a to  ⇒ ¥ Js
, . # so  and f T

.

Now suppose fan ,

o ) t=o  is in non - equilibrium
if E = o we get

htt = - ( f - to )/e c see pru . page )
£

f Cut ) = focal t Cfa ,
o ) - f. cafe

" "

the distribution relaxes
exponentially fast  in time

and for  small T ish 'S almost in equilibrium -

Now we turn on the field '

.

IT
.

-

- E at -

t '

5%+1:c:
'

transport  equation
Tane f- iii.t I = focijtfici.tl

T
small deviation

them equilibrium



o ( to ca ) t filk
,

t ) )
I =

ftp.aft-otti
) -

•
ft

•
- it

.
) - to.

T
8¥ =

HE E. Rk fo  - I
T

+
E.ro#f - tf I

*
to =

StoreIs t.EE

t = o
.

'

we turn  on the field and the solution  is

f
'

,
cu

,
t ) =  ee . FE 9¥ I i - e

- t "

]
for t  ⇒ T the electron system  reaches the

s

;::
, :t.⇒÷ .

Since 9¥ co

!i÷:
. .

→



Lets how study what
average momentum tees

+  

g - a-

s-tcj.es/ng-iE:IIIeQ

going back to

[ tf x
I If - LIII]

tie "
t f Tutt

.

cover all
States in
the band .d(tg#

- a

dt

= ( DIII )+
.

e "
?

←

for each
electron It

TIED
"

I
e  ⇒ Ed:# =

over

States

and if t is independent
 of I

(diff ) salt

= -

tf as the result

we have

d tg
-

=  - ee - kg
It e-

and in the steady stat TDT

+g- = - EET
 fo !

Unlike the case  when electrons are  at  equilibrium



This means fat metals  only band crossing Ep

contribute to nobility a .

Consider a hypotetical cubic xtal :

µ ij
 

=/
scalar

for i  
= j ri rj

and
- Vi rj  occur

equally so  all those terms will cancel out

Also 0×2
,

cry
'

,
of

2
ate the same  ⇒

Mxx
=

I Yy
=

fuzz
 =p ⇒

J  
= -

ye  where
y

= Is C grxxtfryytfrzz )
c electrons

µ =
-

In zeolite
DE

Smee Tyto co ⇒ µ
so for electrons ,tutJTtE

For non - cubic xtals it's also oh but

T  
= ICE )

Similarly for hole we can write down

SHOW THIS )
.

holes e
holes

f- In Zoot #
OF

holes

of
-

⇐ so and
y

> o but THE



Physical meaning of J :

suppose
at t = o

g =o then for the true

T if accelerates and becomes
- EEE

but returns back to g
= o after scattering

That's why T is mean free time
-

M°ty : In the steady state

E
-

rage
 velocity

and this :

- Inability
gri

 = - Z

,
hi ; Ej

often  called electron

drift velocity
Lets try 1-  obtain the

expression forfrij
I

.
start with

Fi =
 in § .fi as fu )

T
#  of electrons  in the band

and fck ) = fo cu ) t  ee .TT #
O E

= In Erica ) to ca ) t fu Erie EJE
=  o

= E ? writ .FM#e ⇒

Mi ;
 =

- I ⇐ test rib '¥e
Since Dfo

To Spikes only at EF  only the

state  at the when
. potential matter

.



EX.ee#Hi9eca.sD&ooudrxatH.
in bands

-

-

-

j =qqonv in E&M
In solid state physics :

the carrier density n =
take

-
v

j =  
- E Z

fcisvca
)

V States

sun  over States  can be done line I - band

at the time and E fciejrcie ) overstates

in the band can be identified as NI

N = #  of  e- in the band
, T -

average velocity

N
So : j = - e E

y
. F

=  - e -2 nF
bands bands

where h is the contribution of the band

to total electron concentration -

Decal for the steady state Fi=
-

}mijEj

ji  = efandsfhf.fi ; Ej ] and

remembering 0h 'm
't law

y = GE  ⇒

j ;
= § fij Ej where

of
i j

 -  e I hfrij
the conductivity

bands tensor
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Dynamics of electrons in external field

- The notion o ! electro 's is defined by the

shape of it 'TFermi surface .

- E. e
.for each point on the Ei CF) = Ei Fern ;

we need to knew the dispersion curve

for a given direction
.

- Almost always we can consider the notion

in a quasi classical limit b/c
X B - zithlpf with per LIE we get

dB ~ a
,

while the mean free path
for e- is ⇒ a

.

- Group velocity of e- is always I

to the Ei Cp ) : TIP  =F=RpE
and oh genear is men - collinear to Its

reeueutum
.

Lets study the case when we apply
electric field E when F- okf no scattering off
phonons) .

Lets assume the direction of ¥11 too , ]

Lets assume we have only one e- at the
zone center : ITpoint ,

where p=o and K=o

how I turn on the field E

and my e- experiences F-= - EE

and p = let E. t



Mass of electron  in solids
I

a  I ,

In classical mechanics the zeal mass

is definedas

mo=
F/a

In a crystal I we have forces from ions

which are hot known in general.

But we can define the characteristic

parameter called effective mass such as

mo tfext ) ⇒ m* ¥ = text
.

lets compare it to the arts
.

tispension egn
:

Ft - Indra
So the ith component  of the egn .

is

Vi  = d÷p
,

and taking into account

Tdf =Fh we get deff
'

= IE

TZE
9pm .

Fk

Fptp=mtij MY,
is called

the effective mass tensor
.

Few notes :



D Diagonal terms him. on the iso

energy
&

surface are positive e . g . for a sbheue

E  = P4zm* ⇒ m*= (
32

Efp )
- I

> o

b/c fp so for electrons ( ftp.rao to - holes)

2) I the acceleration is not collinear with

F

, ) Different Ks for differentpositions on

the Fermi surface corresponds different m*

except for the extremal points .

4) The
process of relaxation depends

on how inelastic is the Scattering

e.
g . for many scattering events within t

the motion of electron or its phase has

many resets .

And as such one can think of

it as a nation in the viscous environment
.

The magnitude of the retaxatios true
defies the boundary when one can talk

about quasi partials : e. g . from
A E. E E t is possible to talk about

the quasi parties if AE ee EEE

'

if we have a Very disordered environment

or strongly correlated " Bad "
metal

where l = Vp . I ma ( the so called Io Her
is E ~ E -

- the = uihsnsev -

Raised )



q
WITH This info LETS LEARN About

ELECTRON  - PHONON SCATTERING

I . Quasi momentum of e- seen 't change
when it moves in

an ideal periotic lattice

2
.

It can change only interactions with Now

periodic part of
the potential .

e. g .
phonons ,

detects
,

dislocations
,

domain boadcriej

surface , interface , grain boundaries

AND e . e interaction or e
- e scattering

S . we have inelastic and elastic
processes .

Now to the phonons : phonon is an elastic

phare of deformation as the result we

have an additional periodicity to the potential
on which electrons can scatter off .

The effect is connected to the # phonons
the electron can seller

.

Note : Similar to the phonon storm turvy
the scattering act we should ceas.de

both N -

process
and U -

process

the crystal
Kith

crystal
momentum momentum .

But unlike phonons
which has he chemical potential

an

.

I thus we Fermi surface .

Electrons scattering is strongly bound to the topology
of Ferrin surface .
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Electrical conductivity

Basics : in absence of at and diffusion
-

-

j = GE

I eeeectrical conductivity
In isotropic Cas J 11 I and 5 is a scaler

But we knew that almost all realcrystalshaveanisotropy of some sort
,

in this case :

Ji  = ? FIE!
. ?

⇒ Ei -

- Ekgin

resistance
tensor

the connection Gia f in
=fin

also fin = Pui
The components can be determines by measuring
electric field along crystal axis i

, 2,3

along I : e.g E
,

-

- five j , Ea = fz , j ,
etc

along 2 : E
,= fizjz Ez = fzzjz etc

I u cubic xlal all hen diagonal terms =o

For a single axis Materials :

Pll = 122 ¥ 533

Electrical conductivity in the hotel of
Fermi carriers



- Lets assume we deal
only

with close FS

- and the only scatterers are photons .

- Also letsassume
the Fs is close to spherical e.

g.
K

,

Li

Na
. .

.

Ecp )=f÷*
,

T -
time between scattering

Wu
,

wi is the probability of scattering from a → n
'

"

i

w qui
~ I

.
After that the electron moves

l -

- of I
.

Apply E'

along
x

.

All ehehroas get extra Apx = - e Ext

The whole distribution
is . AB

-
moves in the

µ•

opposite direction by Apx .

bpx )
Without E we have no j since

for each e- with Fpwe have e- with -f
With application of E central symmetry is broken

.

Now we have uncompensated charge in ① and ③

On the FS for electron we have m* 7 o

and We 1 to the FS
.

Electrons in i and 3

create a flow of electrons with V - re along E= - EE

+Thehigher I the large the velure
.

Now consider holes : For hole htt =  
- et

In velure ① we have e-

② we deplete electrons
• &

•
As the result

,

e- with r - of

in ① and ③ create current

in the Saree traction as electrons

As the result in metal , with electrons and holes
,

Current

is a sum of e
-

and h
.



Electrical conductivity

12

To derive the equation forT.me?s.I:sr.Ff:
Coor tinct

any particle  in I and 3

is along p and ✓ - re

The projection of v ou to - E

is paso /m*
,

since Velum ① and ③ are

practically identical
,

we calculate the current  in ①

- inside dvp =p
'

srnodp tody we have

Ah =
2

*lVp
Cleeton s

spin # and t,

The contribution of those electrons into current

dj
= e any = e

z p
'

sont dp tody

t recast

The total current created by e- in the

Velum I and 3 thus :

Zt PF t Dp Cosa

j -

-

2.247¥, )!
"

tofly ) p2 sirocorodp =

O PF

^

=
8TepfrfbpxShow this

=
J -

S ( ziti )3

41T PE a- the area of the isoeuetgy surface for e-

and since Apx ' e EE  =
e. line Ipf



B
j -

- Z E and from j -
- re  ⇒

g = Zz eZS this egn .
is known

@Ttip as the Lif shits egh .

It works for any dispersion as long as

Ecp ) = fcp ) and f has he singularities .

€÷÷÷÷÷¥¥¥÷÷"
÷:*:÷÷÷

Lets rewrite

I
4h for r as .

.

✓ Sf =3 ⇐ ( indeed Sf = 41T PEZ and

the
velum PF

De  = FIE ! )
in momentum

space Also zeal for isotropic dispersion
pre =m*oE

we get r-II.FI#f.--en*IEEap
T

this is

g = e Concentration

m
't of e

-

thus we

Which is exactly the famous formula can write down

5 = eh

y
known as Dr -

de formula .

clearly eY= xxr ⇒
na e* nobility

Is
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N

.

.  -

Ignore
Electrical conductivity in the electron - hole model

This .

After application  of E

we have a transfer

of e
-

from the

States in Velure 2

P into the States in 1
.

P Each such au actmail.ie/:i:YotfIm
.

which are confined to the corresponding
parts of the dispersion curve

At T - ok we have a sharp boundary ,
and hp = he

Vp = ✓
a

= 5
'

- Vp and are normal to FS
.



-

TEMPERATHRE Depew pence

$
OF Conductivity

Clearly the T - dep . comes from the T - dependent ECT )

In this theory we consider that the only important

processes
are those when

Dp up or the electrons

is transferred from ① in ② and as such

we need the Y -

The true which takes for the e- to move

from ① - ② is called the

trausportulaxat.io#time

When T > To e- and phonons have momentum

Whish ~ Ia it
.

.

The #  

ofa
phonons

for
T > T ,

-

scattering
T 7 To )

~ ant
,

' pthns.tt- I and r - ee - ¥

But when the momentum of phonons is small Tc - TD

we have a problem to here frem ① → ②
.

which how can only happen as the result

of diltasivemetioa . ( see fig .

on p .

11 )
K → u

'

As the result for each scattering act

e- with f with Phenom with g-
the projection  of of e- momentum on to the

direction of initial Motion is :

Dp =p C I - cost ) p
' -

q Dp
= Ci - cosa )p

Cos 2 ~ I - 22/2
) ×

p  Bp 2=9/10
so we get op =p a - cosa )=a¥=9I

Decal that p - It
,

and the in.net?nP of phonons is

given by A wph = Taq u KBT ⇒ QI kBT/ra



an t also recast that T
,

a

x

IG
KD

Max

for W We have dmin- za ⇒

To xt[=2TIa÷ a

-

Vape
KB

and as the result we have

is p - Ep =m?;,= (E.)
'

p

To Scatter e- we must turn in into the angle

F/a and the projection of the Dp -

pf  ⇒

The number of acts line this I ~ #)
'

¥2Scales BP
with

The number of available phonons for T - Lto - T
's

Tlc - TD ! Thus for the scattering of e

-

on phonons with wow

" "

It - ( fr ) . ( f , ) ⇒ 5 - Is
s

and p
~ T

For the case of spherical FS and
very

specific spherical distribution of phonon momentum

there is a general formula called the

Bloch - Griineisen formula
.

OD



Tt-

precess
in e-- phonon scattering-

.
BE

←

-
E

Fermi

Here we have : Ecu
'

) = Ecu ) thug
and he

'
= The t

-

hey ttrg
← xtal momentum

what  's important ,
for  a given a

there will be a

specific phonon with of ,
such

that
wcg ) = Ecu

'

) = Ecu ) ttw

" T usoenerg
'

surface
But  unlike N -

preen the intersection will

disappear at Some 191=01 .

The closer EF 'S in the neighboring BZ  arc

the mere imports ht  is U -

process .

e.
g .

in aluiei metals U -

process  is

dominant event at T = ask !



The resistivity of copper from low to high temperatures (near its melting 
temperature, 1358 K) on a log–log plot. Above about 100 K, ρ ∝ T, whereas at 
low temperatures, ρ ∝ T5, and at the lowest temperatures ρ approaches the 
residual resistivity ρR. The inset shows the ρ versus T behavior below 100 K 
on a linear plot. (ρR is too small to see on this scale.) 

8



Matthiessen rules
19

-

Experiment shows

that the following is correct :

if different independent

microscopic precesses
underlie the collisions of

electrons at the Fermi surface
the pro bati tier of the

cell is ios are additive



SPECTRAL DENSITY
OF STATES

For e- 20
Distribution of e

-

States by energy
is one

of the rest important things to characterize

the electronic spectrum
excitations

.

Lets introduce an important parameter
THE

DEYot¥
.

if NCE ) is the # of states with MEEEE ⇒

d NCE ) is the # of States fetuses E and

E t DE

Spectral density of States UCE ) c sometime gag?,
=

d NCE )
=

dh CE )

Tv / de TE
in

dh CE )

cheerly we have a connection to Ecp )

e. g.
Kcal forfree electrons

hisD=Zeno Ep C o ) ] 3/2
- ⇒

3D

3t2h7
-

° -

- date =
@mo !!![Eyejo

)
=

I most'

Fico
)

- -

IT 273
Ef Co )

⇒ the carrier density
n = Joffe de  

=⇒
For finite T

,
we

.

need to include

h= I?f En tf DE



Lets derive thi expression for 2b 21
For I

state the area is @ith )
'

p2

thx
T

C co -

pave
kith )% )

For E  =

Jinx

⑧#isoenergetic surfaces
I

Ky
The # of States dp+p

day"=⇐¥tIN-"
P = Ytspdp

and b/c de  
=

fptp
@'th )

'

⇒⇒dp=mpIde / ⇒ dNp"=Y{;It =

pdp = m*dE
= yatmtde

@IT 5)
2

,

2b

CE ) = it , ihtepeudut ofEE nergy

for 2b

and is defined only

Feiffer:* -1 by the Hatin
depends on E

mass of m*

⇒ VZE also depends on E c of course for parabolic
E p%n* )

Q : Show for anisotropic E=PYzm× t Py
'

12mgk

uke ) = FT
Ith

Q : Show that for IN :

OED =L
Fit

•

REFF

L is the length of

the xtal
.



I still work on this

1- find an easy way toVault's
expkiu 22

It is clear that t calculate UCE ) one ashore
!)

needs to knew ECF )
.

However we can try it

to
get

an idea what happens when we fill up the RZ
.

Consider a

square
lattice with a period a.

.

4¥71 ⇒ ¥t.IT.cat/a
.

As seen 2

d

BZ is made of

6 pyramids built ou

.

Jal on
the fences of the 1st Bz

The min of every
2 is

at F- o for 1st BZ

The dispersion p4zu*
first 4 Bts Hr cubic lattice

and u
,

3

DCE ) ~✓E

Note for E - o

d

TE T A

With
increasing E the

sphere gets distorted when it approaches the ZDBZ

a a



Renormalization of density of slates

I }due to election - phonon coupling .

The polarization of lattice bats to the fact that

mitt;
is different from

Dupuy.

and often can be written as m*= urban ,
Cite )

I = election - phonon coupling
q

Phonon
q a

_¥Eon #→ t #s→ ⇒

^
an gets renermalized

Since in in ⇒ ICE ) goes up wear the Fermi surface
within KBTD ; since

OSDCE ) n C in * 13/2 ⇒

03¥, '

C it d)
" 2

ubaudce ) ⇒

wear Ef we get a peak

THE0.2 o
. Y 1.6

- Also e - 4h coupling uterus EF since EF ~ #
Second we know for T = ok h - J

.

¥03Dce ) de

if U
'D

T EF must go
down

-

Also d doesnt affect the size of ES
.

as it only depends on

zand the lattice

geometry .

- B/c of d since OYE) T within keto the Fermi

velocity goes down by ( it d) 312
.

Proof : WI =fp=fn8Ip•⇒ r 'ftp.tgce ,
-



Electronic heat capacity 24and thermal Conductivity

The
energy of quasi particles is given

→Thespis
E - 2 V§.

(E) Jp!ECP) ten 4tp2dp

two branches
one for electrons

and another for holes

.

electronic heat capacity =

•

Dfa Yttpdp= f ( f )
,

= 41 ECP 'tEhfPF

using ace ) =

T2m*42Fe

[
⇒

it
is:%7÷s÷E¥ . a

.

Q
'

. Show that
= J . . . .

= FIRE v%EEe)T

*

and using 09¥) ⇒ C e=

PFI
KET

Bt
'

Thus we get
Ceci , ~T by measuring

↳ we can estimate Pre m*

⇒
on ink

In fact this is the nest popular method for

getting
m* in crystals .

- Note E is the Sum of all excitations
.

Consider

The average energy ope
one excitation n KBT

and their # scales with the with of  I Ee ~ ers T

Since Ef =P # /zm* → DEF = p¥f/m* → Lpf = h*dEF/pf
=

he
*

KBTIPF



The total
every of elementary excitation

inside DE is E ~ NKBT

f-
see bottom of

? 5

and the # of States is

N =

YITPEZ dpf
- in

*
KBT

C zit )
?

=
YITPFZ

-

-

@If )
'

PF

and thus the
energy e  ~ Nast

=

⇒ C
e

= § ~
ftp.KBZmxp

C 2 'T F)
3

€3
=

PF m* KIT
ZITI IF

for KBT 2 < EF

Lets
compare

it to the Debye expression for Ce

3D
=

12 IT

"

Krs
.

N
C

Debye Is ( Ig ) a 234 Krs N §
PF m

't KI T
3

IF
← 234 KB N Typ ⇒

c%enye = Ce at T
•

- o.ixs-T.rs# To

meaning that if T LT
'

the main contribution comes

from electrons ! lets estimate whenithappens
-

ZIT
 Ta

Ef
= PI

.

- In
.

( Tat) '
and Orsebye - -

or

with
ra ~ ios cry ,

and a = 158cm TMB ~ 3. to

-3

and T ~ 0.5 BE
.

Which means that Ce

dominates at T n T
L Helium

.



Electronic Thermal Conductivity 26
Tc in metals is mate of J e-and Vphon.us

so y -
- Jet Tph

heat resistance
GAs for electric conductivity We = te and in general

We = ? Wei .

Notice under thermal Scattering
We assume such processes when after interaction

the quasi particle doses a portion of heat energy
~ Kst

-

but gets extra momentum due to heat gradient
-

-

Every act line this is characterized by To . and

Li =rgTi
and line for electricity Yee = ? .

Lets assume a gas model :

je = I Cere e -

- re ⇒

te = I Cafe
As shown on p .

. 25 Cent and ✓ not ⇒

we = Ye - FEI = Fuzz put
+ Feint t ⇒ = ftp.zfre.ptoe-dtuee)

Notice for thermal conductivity change plays he role

so for the 1St approx .

holes and electrons are the same
.

Since the average energy of quasi particles test

the single scattering may lead to exchange ~ Kot



This means
that the pro holily of 2)

scattering on phonons is largely defined by
the #  of phonons .

.

For good crystals
,

the number of ph . ios always ⇒ defeats
.

and the last term is
usually cc Ee

.

p
and ¥

,

So for high enough T 7 To
N U

We n 2e-ptve-p.TV
2

For T2Tp the # of phonons
NT and this

We is independent of T !
IT7 TD

For TLCTD HN NT

'

and the number of scatterings
is determined

by
the # of

of. p

n e

-

Ift phonons with q
> Q

H

went :( at 't pi "÷ . ))
~

t.rs ( LT 't ¥ pe
-

ra
art) µ*

In the area where we can neglect It processes

compared to N we get
We ~ T

2
and Zent

- 2

.

For very
tout

Ve
- def 27 Ue - p

and le
,

Te and de become T - independent
.

Thus we get in this area je ~T→f
all terms

insidethe bracket T . inde -

- Leendert )


