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The Euler characteristic of a square

There is a rule how to partition a

square
into D pieces

these
'

e
: : gtheepiegsagsesmusttit

Bad examples :

ED
hoover taping

the vertex of a Ballowed

cannot touch the edge

of another D

Letts count the following elements

D faces f 8

edges e 16

vertices v g

Now we calculate f - c to = 8 - 161-9=1

The
portioning of a figure K into Ds following the above rule

is called a triangulation of K
.

The number f - e + v is called the Euler characteristic

XCK ) :

Icu ) = f - e tr

Problem : Calculate Euler characteristic of

¥¥



So how you
noticed

does not matter how
you

triangulate the answer for Icu ) is the same
.

But what if we Date the a squire into

a billion Ds ? We cannot simply count it
.

Example : Theorem f ( D ) - I

Consider any Dation

remove
ID eformit

11

V.

i ,
yo

, g. sew , a p . .am , y

#¥
.

. , µ , , w , ,

find that we always do it by two ways :

QQ
here f. e

,

r change

f-
→

ft
' eretz verist → ftl e → et I ✓ → T

f - e tV= CONST f - e t ✓ = CONST



But in both cases

f - e tr is constant
!

B/c any Datia of a square
is obtained

as follows :

f =z ②
We add some triangular as above

and deform the resulting into

e - 5
a square

: ⇒ any triangulation
✓ = 4 has f - e t ✓ = ! EOP

f - etr -1

( btw we proved
it by induction )

starting with f- =2

Once we know f ( D ) =L
,

we can say that

Lc polygon )
=L on

the plane

Proof :

After we triangulate a polygon
we can add

a D and deform the resulting figures to a D
.

Next we switch to other surfaces :

sphere and torus



Now we can have a patch work on the surface

of torus or sphere to produce a similar

triangulation .

What is Dc sphere ) and Xc torus ) ?

Theorem : X ( sphere )= 2 and X ( torus ) -_ o

I only prove it for a sphere .

Consider a Datia of the sphere and let 's tremor ID
.

••

Bt
since the sphere with

minus one D can be stretched

to the plane .

This figure
is equal to the Large triage
with XC polygon ) =/

Notice the number of C and ✓ remains

the same
but the number of faces f

is changed by l
.

Jlcsphere ) = tcsphere - D ) -11=2
-

polygon II

E- OP



C L O S ED SURFACE

in topology we consider z figs to be

different if we cannot transform those

via elastic deformations
.

But what if a figure has holes ?

Example of non
- closed surfaces :

it has an

the surface hasedge
singularities

Let 's introduce a surface with a hole Cs )

a hole is called genus

Using this notation we can
write the

Euler characteristics as :

X ( so) - 2 ICS
, ) - o

,

so what 's tag ) ?



I. u going to skip the proof but

here is the theorem :

X = 2 -

2g

Fun questions :D How
many

holes or what is g
for this Fig .

2) what is genus of this figure ( Y! ye ) ?



CURVATURE OF SURFACE

GAUSSIAN CHARACTERISTICS

Q : Is there
any

connection between fog ) and

curvature of a

surface ?

II t II , y
-

- ax

'

Iai - II =L

a and b 70

a

,

b 20

those 3 figures a called conic sections

the reason we call it

conical b/c those are

← 4
;

"

:S ;i:
ota.me



Tangent Plane

The protocol is simple

0 Cut the figure by

a plane which is
going

through the point P

8 Then do this again for the second time :

D Draw a tangent line to the obtained cut curves

at points

D Draw a plane
which includes P and 2

tangent lines
. This plane is called the

tangent plane .

I > The way to observe the curvature of
the surface S is to shift this plane

up and down at P
,

line this :

£



For the convex surface

the result is the same
.

elliptical point

But it our surface
contains a saddle point

Td

( Itter : :
is very

hyperbolic curving
or hyperbolic point

Now
we can

say that every point on the

surface of a

sphere is elliptical .

But
every point on the surface

of a hyperboloid is hyperbolic

Q : can the nature of a surface point change ?

A : Yes !

At



Problem : what surface change , it's carving in

the following way

elliptic → parabolic → hyperbolic ?

As you
noticed a point on

any surface can be

characterized by those 3 categories .

But can we

measure the curvature qualitatively ?

Enter the GAUSSIAN CURVATURE

The way we are
going

to

calculate the curvature is

to map
a point P on the surface

s to the unit sphere area

lion
area of gcr )

KCP )
-

G → p
area of 5
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So how you noticed does not matter how you

triangulate the answer for is the same
.

But what if we Date the a squire into

a billion Ds ? We cannot simply count it
.

Example : Theorem f ( D ) - I
-

Consider any Dation

remove ID eformit

¥
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#¥
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But in both cases

f - e tr is constant !

B/c any Datia of a square
is obtained as follows :

+ = . Dawn : : :L :÷t:::÷÷÷
. "

e - 5 a square : ⇒ any triangulation
✓ = 4 V has f - e t ✓ = ! EOP

f - e tr -

- I
- ( btw we proved it by induction )

starting with f- =2

Once we know f ( D ) =L
,

we can say that

on the plane

Proof :
After we triangulate a polygon we can add

a D and deform the resulting figures to a =D .

✓

KID )=l

Next we switch to other surfaces :

sphere and torus
-

-



Now we can have a patch work on the surface

of torus or sphere to produce a similar

triangulation .

What is Dc sphere ) and Xc torus ) ?

Theorem : X ( sphere )= 2 and X ( torus ) -_ o

- -
I only prove it for a sphere .

Consider a Datia of the sphere and let 's tremor ID
.

••

✓
AN

since the sphere with

minus one D can be stretched

to the plane .
This figure

is equal to the Large triage
with XC polygon ) =/

Notice the number of C and ✓ remains

the same but the number of faces f
is changed by 1

.

Jlcsphere ) = tcsphere - D ) -11=2
-
polygon II

E- OP



C L O S ED SURFACE

in topology we consider z figs to be

different if we cannot transform those

via elastic deformations .

But what if a figure has holes ?

Example of non
- closed surfaces :

it has an the surface hasedge
singularities

Let 's introduce a surface with a hole Cs )

a hole is called genus

Using this notation we can write the

Euler characteristics as :

X ( so) - 2 ICS , ) - o
,

so what ' stag ?



I. m going to skip the proof but

here is the theorem :

|X=2-2gT
-

:
-

Fun questions :D How many holes or what is g
for this Fig .

2) what is genus of this figure ( Y! e) ?



CURVATURE OF SURFACE

GAUSSIAN CHARACTERISTICS

Q : Is there any connection between fog ) and

curvature of a surface ? M

W

v ta t II , y -
- ax

'

Iai ; 'LL =L

a and b 70

a
,
b 20

those 3 figures a called conicsections

the reason we call it

conical b/c those are

✓
← Hossa 's ;:::ota . .



Tangent Plane

The protocol is simple
0 Cut the figure by
a plane which is going
through the point P

8 Then do this again for the second time :

D Draw a tangent line to the obtained cut curves

at points
D Draw a plane which includes P and 2

tangent lines
. This plane is called the

tangent plane .

I > The way to observe the curvature of
the surface S is to shift this plane
up and down at P

,
line this :

£
•



For the convex surface

•
the result is the same

.

elliptical point

> C But it our surface
contains a saddle point

(
• °

ftp.erreesnuf.t
is very

hyperbolic curving
or hyperbolic point

Now we can say that every point on the

surface of a sphere is elliptical .

But every point on the surface
of a hyperboloid is hyperbolic

Q : can the nature of a surface point change ? V

A : Yes !

At

#

-



problem : what surface change , it's carving in

the following way

✓ elliptic → parabolic → hyperbolic ?
v v

As you noticed a point on any surface can be

characterized by those 3 categories .
But can we

measure the curvature qualitatively ?

Enter the GAUSSIAN CURVATURE

The way we are going to

calculate the curvature is

to map a point P on the surface
s to the

uuitsphezearea-sgu.CI

-

lion
area of gcr )

KCP ) =
-

G → p
area of 5



Gauss - Bonnet theorem

Letts calculate Gaussian curative of a sphere

,
since a sphere has a constant radius R

=

K ( P ) = Yaz
-

D To arrive at this conclusion we reap
the sphere to the unit sphere by the

transformation with a similarity ratio

= ¥2
-

Intuitive picture of a gaussian mapping
D Imagine that the surface is made of rubber

The mapping of a small region or by the

G - map to the unit sphere is equivalent
to cutting out -5 off the surface 5£

D Next we stretch and shrink it to the

curving and then "

gluing
"

it into the

unit sphere .



D Simply
,

S is a cut into small pieces
and then glued into the unit sphere

after stretching , shrinking and reversing
of each piece .

Gauss - Bonnett theorem

D First recall we can deform
the closed surface in a

concave and convex manner .

is Pushing a certain part causes

another area to lose its convexity
and even become dented inwards

.

p if the sphere is deformed and

some part of it starts having a greater
Gaussian curvature

,
then the curvature of

some other parts of the surface will decrease
.

Now the theorem itself :

The total sum of the Gaussian curvature

KCP ) over a surface is equal to the

Euler characteristic £ of the surface x 2T

ftp./KCP)dr--Xcs )



D we will not prove the theorem
,
but

lets verify it on a sphere KCP ) = YRZ

LIT ! KCP ) do = fit . the . fdr = It . Izz . yah
'

= 2 ?
-

surface of a s # here

Recall XCS . ) = 2

D the fundamental result :

IF ! KCP ) to = fog ) = 2- eg

Vector Fields on Surface
Here is the wind

blowing on the sphere

the same on torus

Q : what's the difference ?
p.TW .

.

if we have a surface described by the parametric

Slt ) -19,4¥] ⇒ K =
×'Hy"Ct)-y'Ctixi#

( x' Lt ) ' t y
' Lt ) 2) 312



D Imagine that the surface is a field
with attenuating regions of concavity and

convexity and with small vectors in them
.

D the places where flow stops is called a

critical point

D Very generally we

can think of what

critical points are

critical
possible ? points ••

Check this figure : D If you spend enough
time you can descouer

that the only

critical points are :



p Lets introduce a new tool : the index of
a critical point

e. g .
it the top of a mountain is as flat

as the top of a table
,
the fallen rain will

collect on those flat areas
.

In such a case

the critical points are everywhere .

D Now think of a flow of H2o entering &

leaving the critical point .

D To calculate the index of the critical point
draw a closed path around it which contains

only one critical point .

D Move around the path and measure

the direction of the flow at each point

in this
view :

•
S pole

E ④ saw

•
N pole

D Since the wind directions revolve once

around the circle counter-clockwise we

as sing the index P = tl



D what about the critical point index here ?

D=

D General protocol : Draw a circle around

a critical point P
,
and go around counter

clockwise
,

observe change in the direction

of a vector
.

If the direction of the vector revolves

n times we say i ( P ) = th

Otherwise ECP ) = - hh

Next page figure shows few interesting
examples :



Examples of critical points and their
indeces .

Here is the very important theorem

THE poi n CA RE - Ho PF THEOREM

Let Sg be a closed surface .
For any

vector field on Sg with finitely many
critical points ,

the sum of the

critical point in deus ICP ) is equal
to the Euler characteristic of Sg
& Csg ) = 2 - 2g zicp ) - z - 2g



D. Few comments are due :

if the surface is a sphere then too )=z

What can we say about the surface ?

D Apply the P - H theorem we can

i mini dually say that somewhere on

the Earth there are 2 and only 2 points

where there is no wind
.

D Consider another

example
a dipolar magnetic
monopole on

the surface of
the sphere .

The critical index

of this point is ICP )=
+ 2

it means that's

the only one critical

point for this kind

of vector field .



D Here is another example of a
"

sphere "

Fain ta t t ↳

This vector field has 4 critical points
- 2 at peaks A & B i CA ) = i (B) = ti

- at pass c ice ) =
- I

- point D where water i (D) = ti

gathers

The sum of the indexes Ei CA
,
B. c. D) = t 't l - I

+ I = t 2

X ( So ) = 2 as well
.

D Now let's consider torus S ,
with XCS , )=o

This means that there is a vector field
with no critical points or ALL critical

point iudeces can be only compensated
so their sun is Zero !

Field with

no critical

points !



But what if the rainfall vector field
drops on the torus

Again we have

4 critical points

Now we can generalize it .
to any figure

with h - holes :



S U MMA RY

X ( Sg ) = 2 - 2g = ? : =

= ftp.gfkcpldr

Let me how to tell you something about e-

in solid state materials

i = singularity in ECI ) dispersion
K ( P ) = curvature = Berry potential

g = because of the periodic
boundary conditions

*t.IT#T.=-xat .

-

- = O

'

'
e

.
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D and also we can write µ ,
B. =Bx A
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/

Ap Gaussian
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i
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§ E. Is = B. Ir2= FLUX

2 - 28 Through

E. crit .

Er

Berry etc .

in
§ Lua ID , Iva > lot = § A' a) adit = # Auds
i - = Berry

⇐ A Cd ) Berry potential
curvature

Berry phase y = - Inn ( total Berry

also § A- Cd ) d s = Flux of
curvature )

BERRY CURVATURE

⇒ Berry phase =
- Imf FLUX OF

BERRY

= SUM OF CRITICAL
( CURVATURE]

INDEXES OF TOPOLOGICAL CHARGES OF
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